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Preface

Any quantitative analysis in earth sciences requires mathematical anal-
ysis to a certain degree, and many mathematical methods are essential
to the modelling and analysis of the geological, geophysical and environ-
mental processes widely studied in earth sciences. In response to such
needs in modern earth sciences, the author wrote a book on Mathemat-
ical Modelling for Farth Sciences published by Dunedin Academic in
2008 with the intention of filling the gaps between mathematical mod-
elling and its practical applications in earth sciences. The responses of
enthusiastic readers and professional reviews of the book in scientific
journals such as Geoscientist and Journal of Sedimentary Research are
very encouraging and positive. We realised that Mathematical Mod-
elling for Earth Sciences is most suitable for the third and final year
undergraduates with more mathematical training, graduates and re-
searchers. As we understand from various surveys and interactions
with earth scientists, the mathematical training of new undergraduates
often begins at the secondary school or GCSE level. This may pose
substantial challenge in teaching a wide range of mathematical skills
along with the specialised subjects in earth sciences. This present book
is an attempt to bridge the gaps between secondary mathematics and
mathematical skills at university level.

This introductory book strives to provide a comprehensive intro-
duction to the fundamental mathematics that all earth scientists need.
The book is self-contained and provides an essential toolkit of basic
mathematics for earth scientists assuming no more than a standard
secondary school level as its starting point.

The topics of earth sciences are vast and multidisciplinary, and con-
sequently the mathematical tools required by students are diverse and
complex. Thus, we have to strike a fine balance between coverage and
detail. Topics have been selected to provide a concise but comprehen-
sive introductory coverage of all the major and popular mathematical
methods. The book offers a ‘theorem-free’ approach with an emphasis
on practicality. With more than a hundred step-by-step worked ex-
amples and dozens of well-selected illustrative case studies, the book is
specially suitable for non-mathematicians and geoscientists. The topics
include binomial theorem, index notations, polynomials, sequences and
series, trigonometry, spherical trigonometry, complex numbers, vectors
and matrices, ordinary differential equations, partial differential equa-
tions, Fourier transforms, numerical methods and geostatistics.

Mathematics is an exact science; however, the ability and skills to
be able to do estimations are also crucially important in many appli-
cations in earth sciences. Many processes in earth sciences are coupled
together and it is difficult, even impossible in most cases, to get the
exact solutions or answers to a problem of interest. In this case, some
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estimations using simple formulae, rather than complex mathematics,
often provide more insight to the underlying mechanism and processes.
To get the right magnitudes or orders of some quantities by simple es-
timation is an art that needs development by practice. For example,
we know the tectonic plate drifts at a speed of about a few centimetres
per year, this can be obtained by using the age difference and distances
among the Hawaii Islands. The magnitude is a few centimetres per
year, not millimetres per year or kilometres per year. If we want a
higher accuracy, we have to use complex partial differential equations,
the actual geometry of the plate, the detailed knowledge of the Earth’s
interior, the mantle convection mechanism, and many other inputs. We
also have to make sure that we have the right mathematical models and
the appropriate solution techniques both analytically and numerically.
In the end, we may produce seemingly more accurate solutions. How-
ever, we may still not believe the results as there are so many factors
by which they can be affected. In this case, a simple estimate is very
useful and provides a good basis to build more complex or realistic
models. In this book, we will provide dozens of examples to guide
you in using basic mathematics to actually model important processes
and evaluate the right orders or magnitudes of solutions. The case
studies include the Airy isostasy, the flexural deflection of a tectonic
plate, greenhouse effect, Brownian motion, sedimentation and Stokes’
flow, free-air and Bouguer gravity, heat conduction, the cooling of the
lithosphere, earthquakes and many others.

Introductory Mathematics for Earth Scientists introduces a wide
range of fundamental and yet widely-used mathematical methods. It
is designed for use by undergraduates, though postgraduate students
will also find it a helpful reference and aide-memoire.

In writing the book, I sent more than 100 questionnaires to many
university professors, lecturers and students at various universities in-
cluding Oxford, Cambridge, MIT, Imperial, Princeton, Caltech, Col-
orado, Cornell, Leeds, and Newcastle (Australia). Their valuable com-
ments to my questionnaires concerning the essential mathematical skills
of earth scientists, selection of mathematical topics, and their relevance
to applications have been incorporated in the book. In addition, I have
received a variety of help from my colleagues and students. Special
thanks to my students at Cambridge University: Joanne Perry, Edward
Flower, Alisdair McClymont, Omar Kadhim, Mi Liu, Maxine Jordan,
Priyanka De Souza, Michelle Stewart, Shu Yang, Young Z. L. Yang,
and Qi Zhang.

Last but not least, I thank my wife and son for their help.

Xin-She Yang
Cambridge 2009



Chapter 1

Preliminary
Mathematics 1

The basic requirement for this book is a good understanding of sec-
ondary mathematics, about the GCSE! level mathematics. All the fun-
damental mathematics will be gradually introduced in a self-contained
style with plenty of worked examples to aid the understanding of es-
sential concepts.

We are concerned mainly with the introduction to important math-
ematical techniques; however, we have to deal with physical quantities
with units. We will mainly use SI units throughout this book. For ex-
ample, we use kg/m? for density, metrer (m) for length, seconds (s) for
time, m/s for velocity, m/s? for acceleration, Pascals (Pa) for pressure
and stress, Pascal-seconds (Pa s) for viscosity, and Kelvin (K) or de-
gree Celsius (°C) for temperature. The unit of geological time is often
expressed in terms of million years (Ma), and occasionally, years (yr
or a). As for the latter, yr becomes a popular usage, though a was a
formal usage. Therefore, we will use yr for simplicity.

The applications of mathematics in earth sciences are as diverse as
the subject itself. For a particular problem, we often have to use many
different mathematical techniques, and more often their combinations,
to obtain a good solution to the problem of interest. For example,
in order to obtain the deflection of the lithosphere under a given load
as discussed in later chapters, we have to use almost all the impor-
tant techniques introduced in this book, including basic mathematics,
trigonometry, complex numbers, and differential equations.

On the other hand, a good mathematical technique can be applied
to a wide range of problems. For example, simple manipulations of

LGeneral Certificate of Secondary Education, achieved usually at age 16 in the
UK by a vast majority of students in any subject before proceeding to A level
studies and/or undergraduate studies.
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Figure 1.1: Real numbers and their representations (as points
or locations) on the number line.

index forms and basic algebraic equations can be applied in studying
the greenhouse effect, glacier flow, isostasy and the estimation of the
size of an impacting crater, as will be demonstrated later in this chapter.

1.1 Functions

1.1.1 Real Numbers

From basic mathematics, we know that whole numbers such as —5, 0
and 2 are integers, while the positive integers such as 1,2, 3, ... are often
called natural numbers. The ratio of any two non-zero integers p and
g in general is a fraction p/q where ¢ # 0. For example, %, —% and %
are fractions. If p < ¢, the fraction is called a proper fraction. All the
integers and fractions make up the rational numbers.

Numbers such as v/2 and 7 are called irrational numbers because
they cannot be expressed in terms of a fraction. Rational numbers and
irrational numbers together make up the real numbers. In mathematics,
all the real numbers are often denoted by R, and any real number
corresponds to a unique point or location in the number line (see Fig.
1.1). For example, 3/2 corresponds to point A and —/2 corresponds
to point B.

In a plane, any point can be located by a pair of two real numbers
(z,y), which are called Cartesian coordinates (see Fig. 1.2). For ease of
reference to a location or different part on the plane, we conventionally
divide the coordinate system into four quadrants. From the first quad-
rant with (z > 0,y > 0) in an anti-clockwise manner, we consecutively
call them the second, third and fourth quadrants as shown in Fig. 1.2.
Such representation makes it straightforward to calculate the distance
d, often called Cartesian distance, between any two points A(x;,y;) and
B(z;,y;). The distance is the line segment AB, which can be obtained
by the Pythagoras’s theorem for the right-angled triangle ABC. We
have

d= /(i =252 + (i — ;)2 > 0. (1.1)
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Yy Y A(1.25,1.7)
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Second quadrant | First quadrant B(-2,0.5) 1 I
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Figure 1.2: Cartesian coordinates and the four quadrants.

Example 1.1:  For example, the point A(1.25,1.7) lies in the first
quadrant, while point B(—2,0.5) lies in the second quadrant. The distance
between A and B is the length along the straight line connecting A and
B, and we have

d=/[1.25 — (—2)]7 + (1.7 — 0.5)2 = v/12.0025 ~ 3.4645,

which should have the same unit as the coordinates themselves. Here the
sign ‘~’ means ‘is approximately equal to'.

1.1.2 Functions

A function is a quantity (say y) which varies with another independent
quantity = in a deterministic way.

For example, the permeability of a porous material is closely related
to its grain size by a quadratic function

K =CD2, (1.2)

which is the Hazen’s empirical relationship between permeability and
grain size D. In generally, the larger the grain size, the larger the pores
or voids, and thus the higher the permeability. Let D ~ D¢ be Hazen’s
effective size or diameter (in cm). Then, C ~ 100 if K is in the unit of
cm?, while C = 0.01 if K has a unit of m2. For example, for very fine
sand and fine sand, D =~ 0.0625 to 0.5 mm (or 1/16 to 1/2 mm). Using
D =0.1 mm = 0.01 cm, we have

K =~ 0.01 x (0.01)? = 10"%m?. (1.3)
Furthermore, the volume y of a sphere with a radius z is simply

4
y=—a’, (1.4)
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0 I I
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Figure 1.3: The graph of the function y = f(x) = 472?®/3.

X

which is an example of a cubic function. For any given value of z, there
is a unique corresponding value of y. By varying x smoothly, we can
vary y in such a manner that the point (x,y) will trace out a curve
on the x — y plane (see Fig. 1.3). Thus, z is called the independent
variable, and y is called the dependent variable or function. Sometimes,
in order to emphasize the relationship, we use f(x) to express a general
function, showing that it is a function of z. This can also be written

as y = (2).

Example 1.2: The average density of the Earth can be calculated by
p = Mg/V, where My ~ 5.979 x 10?4 kg is the mass of the Earth, and
V is the volume of the Earth. Since the radius of the Earth is about
R =6.378 x 10% km = 6.378 x 10 m, the volume is

4
V= ?WR?’ ~ 1.087 x 102! m?,

so the mean density is approximately

5979 x 10**

This is much higher than the density (typically 2.6 g/cm?) of rocks near
the Earth’s surface, which implies that the density of the Earth's interior
should be much higher, hence may be a very dense core.

For any real number z, there is a corresponding unique value y =
f(x) = 4wx3/3, and although the negative volume is meaningless phys-
ically, it is valid mathematically. This relationship is a one-to-one map-
ping from z to y. In mathematics, when we say x is a real number, we
often write € R. Here R means the set of all real numbers, and €
stands for ‘is a member of” or ‘belongs to’. Thus, = € R is equivalent to
saying that z is a real number or a member of the set of real numbers.

The domain of a function is the set of numbers x for which the
function f(z) is defined validly. If a function is defined over a range
a < x < b, we say its domain is [a, ] which is called a closed interval.
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intercept (zQ Y2 )

($1,y1)

Figure 1.4: The equation y = kx + ¢ and a line through two
points.

If a and b are not included, we have a < x < b which is denoted as
(a,b), and we call this interval an open interval. If b is included while
a is not, we have a < x < b, and we often write this half-open and
half-closed interval as (a, b]. Thus, the domain of function f(x) = 22
the set of all real numbers R which is also written

is

—00 < < +00. (1.5)

Here oo denotes infinity. The values that a function can take for a
given domain is called the range of the function. Thus, the range of
y= f(x) =2%is 0 <y < oo or [0, 00).

Sometimes, it is more convenient to write a function in a concise
mathematical language, and we write

1
fraxw 5:102 — 15, r € R, (1.6)

which is called a mapping. This means that f(x) is a function of 2 and
this function will turn any real number z (input) in the domain into
another number (output) 22% — 15.

The simplest general function is probably the linear function

y =k +c, (1.7)

where k and c are real constants. For any given values of k and ¢, this
will usually lead to a straight line if we plot values y versus x on a
Cartesian coordinate system. In this case, k is the gradient of the line
and c is the intercept (see Fig. 1.4).

For any two different points A(x1,y1) and B(z2,y2), we can always
draw a straight line. Its gradient can be calculated by

k= u, (LL'l 7é LL'Q). (18)

For any point P(z,y), the equation for the straight line becomes
Y- b= Y2 —

T —I To — X1

(1.9)
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Figure 1.5: Pressure variations along the wall of a dam.

This is
(y2 — v1) (y2 — 1) (y2 — y1)
Yy U1 (JCQ — 1‘1)( 1) (1‘2 — Il) [yl (.CCQ — Il) 1] ( )
which gives the intercept
(y2 —y1)
=y — ———T1. 1.11
c=y - B, (111)

In a special case y; = yo while 21 # x2, we have k = 0. The line
becomes horizontal, and the equation simply becomes y = y; which
does not depend on x as x does not appear in the equation.

In another special case, 1 = x2, k is very large or approaching
infinity, which we write as k — oo. It becomes a vertical line. Any
small change in x will lead to an infinite change in y. For example,
if we have 1 = x2 = 2, we have a vertical line through z = 2, and
we simply write the equation as x = 2, and y does not appear in the
equation in this case.

Example 1.3: The water pressure p in a dam varies with depth z

p(z) = pgz,

where p is the density of water, and g is the acceleration due to gravity.
The linear increase of pressure requires the dam thickness to increase with
depth so as to balance the pressure by shear strength of the dam (see Fig.
1.5). As the pressure is a linear function of z, the average pressure p can
be calculated by

A special function is the modulus function |z| which is defined by

T if x >0,
] = {—x if z <0. (1.12)
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Figure 1.6: Graphs of modulus functions.

That is to say, |z| is always non-negative. For example, |5| = 5 and
| — 5] =5.
The modulus function has the following properties
la x b] = |a| x |b], a,beR, (1.13)
which means that |a?| = |a|?> = a® > 0 for any a € R. Similarly, for

any real numbers a and b # 0, we have

a _ la|

|b| =W (1.14)
But for addition in general, we have |a + b| # |a| + [b|. In fact, there is
an equality in this case: |a + b| < |a| + |b], and we will discuss this in
detail in the vector analysis in later chapters.

Two examples of modulus functions f(z) = |z| and f(z) = |z — 2|
are shown as solid lines in Fig. 1.6. The dashed lines correspond to z
and % (z — 2) (without the modulus operator), respectively.

As an example, we now try to calculate the time taken for an object
to fall freely from a height of h to the ground. If we assume the object
is released with a zero velocity at h, we know from the basic physics

that the distance h it travels is

1
h = Eth’ (1.15)

where t is the time taken, and g = 9.8 m/s? is the acceleration due to
gravity. Now we have

L= (1.16)

The velocity just before it hits the ground is v = gt or

v = +/2gh. (1.17)
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For example, the time taken for an object to fall from A = 20 m to
the ground is about ¢ = /2 x 20/9.8 &~ 2 seconds. The velocity it
approaches the ground is v &~ /2 x 9.8 X 20 ~ 19.8 m/s.

Example 1.4: The escape velocity of a satellite can be calculated as
follows: The kinetic energy of a moving object is

1
Ek = 5777/[}2,

where m is the mass of the satelite, and v is its velocity. The potential
energy due to the Earth’s gravitational force is
GMEm

V= )
r

where Mg is the mass of the Earth, r is the radius of the Earth, and G is
the universal gravitational constant.
The total energy must be zero if the object is just able to escape the
Earth. We have
2 GMEm

1
Ep+V =-mv® —

2 r =0

This means that
2G Mg
mat

v =

Since the gravity g on the Earth surface is

GM,

9

)

we have
v = 4/2gr.

Using the values of g = 9.8 m/s?, and r = 6370 km= 6.4 x 10 m, we
have

v=12x9.8x6.4x 106~ 11170 m/s = 11.17 km/s.

Interestingly, the escape velocity is independent of the mass of the object.

Quadratic functions are widely used in many applications. In gen-
eral, a quadratic function y = f(z) can be written as

f(z) = ax® +bx +c, (1.18)

where the coefficients a, b and ¢ are real numbers. Here we can assume
a # 0. If a =0, it reduces to the case of linear functions that we have
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Figure 1.7: Graphs of quadratic functions.

discussed earlier. Two examples of quadratic functions are shown in
Fig. 1.7 where both a > 0 and a < 0 are shown, respectively.

Depending on the combination of the values of a, b, and ¢, the curve
may cross the x-axis twice, once (just touch), and not at all. The points
at which the curve crosses the z-axis are the roots of

f(x) =az®*+bx+c=0. (1.19)
As we can assume a # 0, we have

b
224 2e+ S = (1.20)
a a

Of course, we can use factorisation to find the solution in many cases.
For example, we can factorise 22 — 52 +6 = 0 as

22 =52 +6=(r—2)(z—3)=0, (1.21)

and the solution is thus either (z—2) =0 or (zx—3) =0. That isx = 2
or x = 3. However, sometimes it is difficult (or even impossible) to
factorise even seemingly simple expressions such as 22 — z — 1. In this
case, it might be better to address the quadratic equation in a generic
manner using the so-called complete-square method.

Completing the square of the expression can be used to solve this
equation, and we have

9 b c
-4 - = (x4 —
a a

=(z+ —@)2 - =0, (1.22)

which leads to
(z+—) = —-—. (1.23)
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Taking the square root of the above equation, we have either

b b2 — dac b b2 — 4dac
S Y 1.24
T 2a + 402 7 or 2a 4a? ( )

Using vV 4a? = +2a or —2a, we have

b n Vb2 —4ac  —bE Vb? —4dac

r=—-—
2a 2a 2a

(1.25)

In some books, the expression b? — 4ac is often denoted by A. That is
A = b?>—4ac. If A = b®>—4ac < 0, there is no solution which corresponds
to the case where the curve does not cross the z-axis at all. In the
special case of b? — 4ac = 0, we have a single solution z = —b/(2a),
which corresponds to the case where the curve just touches the z-axis.
In general, if b2 — 4ac > 0, we have two distinct real roots. Let us look
at an example.

2

Example 1.5: For the quadratic function f(x) = 2* — 2z — 1, we have

a=1b=—1and ¢= —1. Since
A=b*—dac= (-1 —4x1x(-1)=5>0,

it has two different real roots. We have

—(-D)EVA 1£5
2 2

T12 =

So the two roots are (1 —+/5)/2 and (14 +/5)/2 which are marked as solid
circles on the graph in Fig. 1.7.

Of course, many expressions involve higher-order terms such as 2° —

223 — 422 + 1. In this case, we are dealing with polynomials which use
the notation of indices and manipulations of equations extensively.

1.2 Equations

When we discussed the quadratic function f(z) earlier, we have to find
where it crosses the z-axis. In this case, we have to solve the quadratic
equation az? + bx + ¢ = 0. In general, an equation is a mathematical
statement that is written in terms of symbols and an equal sign ‘=".
All the terms on the left of ‘=" are collectively called the left-hand side
(LHS), while those on the right of ‘=" are called the right-hand side
(RHS). For example, 2% 4+ 2z — 3 = 0 is a quadratic equation with its
left-hand side being x? + 22 — 3 and right-hand side being 0.

An equation has the following properties: 1) any quantity can be
added to, subtracted from or multiplied by both sides of the equation;
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2) A non-zero quantity can divide both sides; and 3) any function
such as power and surds can be applied to both sides equally. After
such manipulations, an equation may be converted into a completely
different equation, though you can obtain the original equation if you
can carefully reverse the above procedure, though special care is needed
in some cases.

The idea of these manipulations is to transform the equation to a
more simple form whose solution can be found easily.

Example 1.6: For example, from equation
2?4+ 2 —-3=0, (1.26)
we can add the same term 4 to both sides, and we have
2 +20-3+4=0+4, or 2°+22+1=4. (1.27)
Since (z +1)%2 = 22 + 22 + 1, we get
(x+1)* =4. (1.28)
We can take the square root of both sides, we have
Vie+1)2=z+1=+Vi==+2 (1.29)

Here we have to keep + as the square root of 4 can be either +2 or —2
(otherwise, we just find one root). Now we subtract +1 from (or add —1
to) both sides, we have

r+l—-1=42-1, (1.30)
——
sum=0
which leads to
r+0=+2—-1, or z==+2-1. (1.31)

This is equivalent to moving the term +1 on the left to the right and
changing its sign so that it becomes —1. Now we have two solutions
r=42—1=4+landz=-2—-1=-3.

The same mathematical operations can also be applied to a system
of equations. In order to solve two simultaneous equations for the

unknowns x and y
ox  +y =-T
{4:c -2y =2 7’ (1.32)

we first multiply both sides of the first equation by 2, we have

2 x (52 +y) = 2 x (=7), (1.33)
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and we get
10z + 2y = —14. (1.34)

Now we add this equation (thinking of the same quantity on both sides)
to the second equation of the system. We have

10z +2y =-14
—dx -2y =2 (1.35)
6x +0 = -—12.
This means that
—12
b6xr=-12, or == - = —2. (1.36)
Now substitute this solution = —2 into one of the equations (say, the
first); we have
5x (—2)+y=—T1, (1.37)
or
-10+y=-T7. (1.38)
This simply leads to
y=—-7+10=3. (1.39)

Now let us look at another example.

Example 1.7: The conversion from Fahrenheit F' to Celsius C is given
by

5
C= §(F —32).
Conversely, from Celsius to Fahrenheit, we have
9C
F= = + 32.

So the melting point of ice C' = 0°C is equivalent to F' = %+32 = 32°F,
while the boiling point of water C' = 100°C becomes 9 x 100/5 + 32 =
212°F.

We can see that these two temperature scales are very different. How-
ever, there is a single temperature at which these two coincide. Let us
now try to determine this temperature. We have C' = F, that is

5 9C 9F

9
which becomes 5 9 160
S ) F =32+ —
(5 5) +
o 56 . 448
——F=—\
45 9

The solution is simply F' = C' = —40. This means that —40°F and —40°C
represent the same temperature on both scales.
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1.3 Index Notation

Before we proceed to study polynomials, let us first introduce the no-
tations of indices.

1.3.1 Notations of Indices

For higher-order products such as a X a X a X a X a or aaaaa, it might
be more economical to write it as a simpler form a®. In general, we use
the index form to express the product

n

—~
a"=aXax..Xa, (1.40)

where a is called the base, and n is called the index or exponent.
Conventionally, we write a X a = aa = a®, a X a X a = aaa = a® and so
on and so forth. For example, if n = 100, it is obviously advantageous
to use the index form. A very good feature of index notation is the
multiplication rule

n m n+m

——

——— ——
a"xa" =axaX..XaxaxX..Xxa=axax..xa=a """,

Thus, the product of factors with the same base can easily be carried
out by adding their indices.
If we interpret a=™ = 1/a™, we then have the division rule

a"+a"=— =a""". (1.41)

In the special case when n = m, it requires that a® = 1 because any
non-zero number divided by itself should be equal to 1.

If we replace a by a x b and use a X b = b X a, we can easily arrive
at the factor rule

(ax D)™ =a™ x b" = a"b". (1.42)

Similarly, using a™ to replace a in the expression (1.40), it is straight-
forward to verify the following power-on-power rule

Example 1.8: The acceleration, g, due to gravity at the Earth's surface
can be calculated using

_ GMyg

=
where G = 6.672 x 1071 m3 kg=! s72 is the universal gravitational
constant, and R = 6.378 x 10% km or 6.378 x 10% m is the radius of the
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Earth. From the observed standard value of g =~ 9.80665 m/sQ, we can
estimate the mass of the Earth

gR?  9.80665 x (6.378 x 105)2
Mg = = 5 672(X o ) ~ 5.979 x 10** kg.

Here we just mentioned that a is a real number. For any a > 0,
things are simple. However, what happens when a < 0?7 For example,
what does (—a)® mean? It is easy to extend this if we use the factor
rule by using —a = (—1) x a, and we have

(—a)"=(-1xa)"=(-1)"xa" = (-1)"a". (1.44)

This means that (—a)™ = +a™ if n is an even integer (including zero),
while (—a)™ = —a™ if n is odd.

All these rules are valid when m,n are integers. In fact, m and n
can be fractions or any real numbers. Since a = a! = aw*" = (a!/™)",
the meaning of a'/™ should be

av =d'/" = Y. (1.45)

For example, al/? = /2 and 813 = Y8 = /23 = 2. In case of a
fraction m = p/q where p and ¢ # 0 are integers, we have

aPll = a7 = ap. (1.46)

This form is often referred to as surds. Similar to integer indices, surds
have the following properties:

Vab= a- Vb, \/Tﬁzﬁ \/%: \\/g (1.47)

Example 1.9: For example, we can simplify the expression

5(,12\3 5 1x37,2x3 54376 8 6
a’(ab a’a*°b a’°b a b _ _
( ) = = = — X — :a8 2 X b6 5

_ 6
a?bd a2bd a?bd a? b =a’b.

Similarly, we have

b5

2 —2\-3 . _2x(=3) —2x(-3) @4
b ~(—) = b
(a® x b7%) (a) a X X s
— a5 xS a _ _6+1 p6—5 — 4 —5p — b
=a"°% X x—b5_a X =aq ==

Let us simplify \/—(—41/3)6/2 x (—x1/3)12. We have

\/_(_41/3)6/2 % (—x1/3)12 — [_(_1)% « 43%3 % (_1)12 % z%xm]%
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y=1 y=a y=a
2 4 2 4 2 4
1T 11 1T
12 12 12

Figure 1.8: Graphs of nth power functions (n = 1,2, 3).

[N

= [-1x (-1)® x4 x1xz47 = [(-1)*" x 4 x 2]

It is worth pointing out that we have a special case when a = 0.
For n > 0, we have 0" = 0. However, n < 0, it is meaningless in the
context we have discussed because, say, 0~7 = 0—17 involves division by
zero. What happens when @ = 0 and n = 0? It should be 0° =
for mathematical consistency (though in many standard books, they
say 0¥ is also meaningless). Anyway, it is rarely relevant in almost any
real-world applications, therefore, we may as well forget it.

Example 1.10: The primary (or P) longitudinal waves and secondary
(or S) transverse shear seismic waves have velocities, respectively

K+4G E(1-v) v
1—2y’ S 1+y

where K is the bulk modulus and G is the shear modulus of the crust.
is Young's modulus and v is Poisson's ratio. p is the density. If we take
the typical values of E = 80 GPa = 8 x 10'° Pa, v = 0.25 and p = 2700
kg/m3, we have

8 x 1010
= ~ 34
Vs ¢2x2ﬂMx(1+02m 3400 m/s,

and Vp & 5900 m/s. In the case of a liquid, the shear modulus is virtually
zero (G =~ 0), the liquid medium cannot support shear waves, so S-waves
cannot penetrate into or pass through fluids. However, both fluids and
solids can support P waves. In fact, the absence of S-waves in the Earth's
outer core may suggest that it behaves like a liquid.
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y=

—4 L —41+

Figure 1.9: Graphs of nth power functions (n < 0).

1.3.2 Graphs of Functions

For simple power functions, we can plot them easily, and some examples
of positive integer powers of x are shown in Fig. 1.8. For z™ where
n > 0, all the functions go through two points (0,0) and (1,1). There
is no singularity (infinite value caused by the division of zero). When
n < 0, the graphs are split into different regions and singularity often
occurs at some points. For example, functions 21, 272 and =3 all
have a singularity at @ = 0 because f(0) = 0~" = 1/0™ — oo where
n = 1,2,3. In this case, the curves are split into two disconnected
branches shown in Fig. 1.9.

A function f(z) is odd if f(—x) = —f(x). For example, f(z) =2~ !
and f(x) = 23 are odd functions. On the other hand, an even function
is a function which satisfies f(—x) = f(z). For example, f(z) = 272
and f(r) = 2% are both even functions. An odd function is rotationally
symmetric of 180° through the centre or origin at (0,0) because one
branch will overlap on the other branch after being rotated by 180°,
while an even function has the reflection symmetry about the y-axis.

However, some functions are neither odd nor even. For example,
f(x) = 2% —z is neither odd nor even because f(—z) = (—x)%?— (—x) =
a? +x # f(—2) or f(-2) # —f(2).

In general, functions can be any form of combinations of all basic
functions such as ™ and sin x. In a special case when a function is the
sum of many terms and each term consists of ™ only, we are dealing
with polynomials, which will be discussed in detail in the next chapter.

1.4 Applications
Before we proceed to introduce more mathematics, let us use a few

examples to demonstrate how to apply the mathematical techniques
we have learned in earth sciences.
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1.4.1 Greenhouse Effect

We now try to carry out an estimation of the Earth’s surface tempera-
ture assuming that the Earth is a spherical black body. The incoming
energy from the Sun on the Earth’s surface is

E-

= (1—a)mrEs, (1.48)

where « is the albedo or the planetary reflectivity to the incoming solar
radiation, and a = 0.3. S, the total solar irradiance on the Earth’s
surface, is about S = 1367 W/m?. rg is the radius of the Earth. Here
the effective area of receiving sunlight is equivalent to the area of a disc
7r%, as only one side of the Earth is constantly facing the Sun.

A body at an absolute temperature T" will have black-body radiation
and the total energy Ej emitted by the object per unit area per unit

time obeys the Stefan-Boltzmann law
Ey = oT*, (1.49)

where 0 = 5.67 x 1078 J/K* s m? is the Stefan-Boltzmann constant.
For example, we know a human body has a typical body temperature
of T, = 36.8°C or 273 + 36.8 = 309.8 K. An adult in an environment
with a constant room temperature Ty = 20°C or 273 + 20 = 297 K will
typically have a skin temperature Ts =~ (T, + Tp)/2 = (36.8 + 20)/2 =
28.4°C or 273 + 28.4 = 301.4 K. In addition, an adult can have a total
skin surface area of about A = 1.8 m?. Therefore, the total energy per
unit time radiated by an average adult is

E = A(oT? - oT}) = Ao (T? - T})

= 1.8 x 5.67 x 1078 x (301.4* — 297%) ~ 90 J /s, (1.50)

which is about 90 watts. This is very close to the power of a 100-watt
light bulb.

For the Earth system, the incoming energy must be balanced by
the Earth’s black-body radiation

Eout = AoTp = dnrgoTh, (1.51)

where Tp is the surface temperature of the Earth, and A = 47r%
is the total area of the Earth’s surface. Here we have assumed that
outer space has a temperature Ty ~ 0 K, though we know from the
cosmological background radiation that it has a temperature of about
4 K. However, this has little effect on our estimations.

From Ej, = Eqyy, we have

(1—a)rryS = dnryoTs, (1.52)
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or
1—a)S
T = ¢35 (1.53)
4o
Plugging in the typical values, we have
1-0.3) x 1367
Ty = (— ~ 255 K 1.54
E \/4><5.67><108 5K (1:54)

which is about —18°C. This is too low compared with the average tem-
perature 9°C or 282 K on the Earth’s surface. The difference implies
that the greenhouse effect of the CO; is in the atmosphere. The green-
house gas warms the surface by about 27°C.

You may argue that the difference may also come from the heat
flux from the lithosphere to the Earth surface, and the heat generation
in the crust. That is partly true, but the detailed calculations for the
greenhouse effect are far more complicated, and still form an important
topic of active research.

1.4.2 Glacier Flow

The dominant mechanism for glacier flow is the power-law creep or
viscous flow. The movement depends on factors such as stress, temper-
ature, grain size, impurity and geometry of the flow channel. However,
in the simplest case at constant temperature, the flow rate is governed
by the Glen flow law in terms a power law relationship between strain
rate € and stress T

€= A", (1.55)

where n = 3 is the stress exponent and A is constant with a typical
mean value of A ~ 5x 10716 s71 (kPa)~3 for n = 3. Glacier movement
can be at a very high speed on a geological timescale. For example, it
was observed that the Black Rapids Glacier in Alaska can move at the
speed of about 40 to 60 m/year. Let us see if this is consistent with
the above flow law. We know the stress level 7 is about 100 kPa for
the glacier, and we have

é=Ar" ~5x 10710 x (100)> ~ 5 x 10710 51, (1.56)

As the transverse range of the glacier is about w = 3000 m, the above
strain rate is equivalent to the speed

v =wé=3000x5x 107" =1.5x 1075 m/s. (1.57)

As there are about a = 365 x 24 x 3600 ~ 3.15 x 107 seconds in a year,
the above speed v is approximately

v~ 1.5 %1070 x 3.15 x 107 ~ 47 m/year, (1.58)

which is just in the right range of actual speed of the glacier movement.
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Figure 1.10: Idea of isostasy.

1.4.3 Airy Isostasy

The basic idea of Airy isostasy is essentially the same as the principle
of a floating iceberg. In a mountain area where the height is h, the
root r or the compensation depth of the mountain is related to hA. This
means that the crust is thicker in mountain areas.

Since the hydrostatic pressure at a depth A in a fluid of density p is
p = pgh, where g is the acceleration due to gravity, we now consider a
vertical column of a unit area. All pressures below the compensation
depth should be hydrostatic and equal, so we have

psgH + prmgr = psg(h + H + d), (1.59)
where H is the thickness of the crust (see Fig. 1.10). Now we have
hps
=P (1.60)
Pm — Ps

Using the typical values of ps = 2700 kg/m3, and p,,, = 3300 kg/m3,

we have 9700k
S L (RN 1.61
"~ (3300 — 2700) (1.61)

This means that a mountain with A = 5000 m would have a root of
4.5 x 5000 = 22500 m or 22.5 km. The surface that separates mantle
from the crust is called Moho, which is almost a reflection or mirror of
the topographical variations.

In the ocean area with the water depth d, the anti-root of the ocean
can also be related to d. The pressures for a vertical column give

psgH + pmgr = puwgd + psg(H — d — s) + prmg(r + s), (1.62)
which gives
d s = FPw
g Ups = pw) (1.63)
Pm — Ps

Using p,, = 1025 kg/m3, we have s = % ~ 2.79d.
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1.4.4 Size of an Impact Crater

The detailed calculations of the size of an impact crater involve many
complicated processes; however, we can estimate their approximate size
from the kinetic energy of a meteorite or projectile.

For a small meteorite of a mass m with an impact velocity of vy,
we know its kinetic energy Fj is given by Ej, = %mv%. If we assume
the meteorite is a sphere with a diameter of D,, and a density of p.,,
we then have 5 5 5
B, — lpﬂDm vg _ meDmv().

276 12
Typically, the velocity is in the range of 11 km/s to 70 km/s and p,, can
vary significantly. For a stony meteorite, we can use p,, ~ 4000 km/m3.
Therefore, for a meteorite of a diameter of D,, = 20 m travelling at a
speed of vy = 15 km/s=15000 m/s, its kinetic energy is

~3.14 x 4000 x (20)* x (15000)?
B 12

If this is converted to the unit of Megatons of equivalent TNT using 1
millon tons of dynamite is equivalent to 4.18 x 10'® J, we have Ej, ~
1.88 x 101°/4.18 x 105 ~ 0.45 Megatons.

The impact crater of a depth h is created by displacing a volume
V' of soils with a density of ps. So the potential energy associated with
this block of mass is

(1.64)

Ey ~ 1.88 x 10'°J.

E, = psVgh, (1.65)

where g ~ 9.8 m/s? is the acceleration due to gravity. If we further
assume that the crater is a hemisphere with a diameter of d. and h ~
d./2, we have

nd>  d. _ TPs gd?
12 927 Tar
where we have used the volume of a hemisphere is V = Za3 = 7d? /12
with a being its radius. In reality, only a fraction, -y, of the kinetic
energy is used in creating the impact crater and the rest of the energy
becomes heat and the energy of the induced shock waves. So the energy
balance leads to £}, = v E}. For most impact problems, v = 0.05 to 0.2.

Thus, the size of the impact crater becomes

. (247Ek) 1/4
¢ sy )

If we use v = 0.05 and p, = 2700 kg/m?, then the size of the impact

crater created by a meteorite of D,, = 20 m with E;, = 1.88 x 10'°
1/4
J can be estimated by d. = (W) ~ 400 m. If we

E, ~ ps - (1.66)

(1.67)

3.14x2700% 9.8
follow the same procedure, a meteorite of D,, = 100 m with the same
impact velocity will have kinetic energy of about 56 Megatons, which
will create a crater of the size d, ~ 1.4 km.
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When we discussed quadratic equations in the previous chapter, we
were in fact dealing with a special case of polynomials. Polynomials
and their roots or solutions are very important and have applications
in many areas in earth sciences. At the end of this chapter, we will
use simple examples such as Stokes’ flow and raindrop dynamics as our
case studies.

2.1 Polynomials

The functions we have discussed so far are a special case of polynomi-
als. In particular, a quadratic function az? + bx + ¢ is a special case of
a polynomial. In general, a polynomial p(x) is an explicit expression,
often written as a sum or linear combination, which consists of multi-
ples of non-negative integer powers of x. In general, we often write a
polynomial in the descending order (in terms of the power z™)

p(z) = ans™ + apn_ 12" 4 ...+ a1z + ag, (n>0), (2.1)

where a;(i = 0,1, ...,n) are known constants. The coefficient a,, is often
called the leading coefficient, and the highest power n of z is called the
degree of the polynomial. Each partial expression such as a,z™ and
Gn_12" "1 is called a term. The term ag is called the constant term.
Obviously, the simplest polynomial is a constant (degree 0).

When adding (or subtracting) two polynomials, we have to add (or
subtract) the corresponding terms (with the same power n of z), and
the degree of resulting polynomial may have any degree from 0 to the
highest degree of two polynomials. However, when multiplying two
polynomials, the degree of the resulting polynomial is the sum of the

21
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degrees of the two polynomials. For example,
(anx™ + ap1x" Vo ag) (bpa™ + b1™ L+ bo)

= Apbmx™ ™™ + ...+ agbo. (2.2)

Example 2.1: For example, the quadratic function 322 — 4z + 5 is a
polynomial of degree 2 with a leading coefficient 3. It has three terms.
The expression
—22° — 32' + 52 + 1

is a polynomial of the fifth degree with a leading coefficient —2. It has
only four terms as the terms z3 and = do not appear in the expression
(their coefficients are zero).

If we add 223 + 322 + 1 with 22% — 322 + 4z — 5, we have

(2234322 1)+ (223 =322 +42—5) =(2+2) 23 +(3—3)2?+ (0+4) 2+ (1-5)

=423 4+ 02% + 4z — 4 = 42° + 4z — 4,

which is a cubic polynomial. However, if we subtract the second polynomial
from the first, we have

(223 4 322 + 1) — (22% — 32% 4+ 42 — 5)

=2-2)2>+[3—(=3)]22 + (0 — 4z + [1 — (—=5)]
=023 4 62% — 42 + 6 = 622 — 4z + 6,

which is a quadratic.
Similarly, the product of 32* — 2 — 1 and —2° — 2* + 2 is a polynomial
of degree 9 because

2.2 Roots

A natural question now is how to find the roots of a polynomial? We
know that there exists an explicit formula for finding the roots of a
quadratic. It is also possible for a cubic, and a quartic function (poly-
nomial of degree 4), though quite complicated. In some special cases,
it may be possible to find a factor via factorisation or even by educated
guess; then some of the solutions can be found. However, in general,
factorisation is not possible.
Let us try to solve the following cubic equation

fx)=2% 22 +32-6=0,
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10 +

Figure 2.1: Cubic function f(x) = 2® — 222 + 3z — 6.

which can be factorised as
23— 227 432 - 6= (2 —2)(z* +3)=0.
So the solution should be either
r—2=0,

or
22 +3=0.

Therefore, the only real solution is = 2, and the other condition is
impossible to satisfy for any real number unless in context of complex
numbers, to be discussed later. The graph of f(z) is shown in Fig. 2.1.

Now we introduce a generic method for finding the roots of a general
cubic polynomial

f(x) = az® + ba® +cx +d =0, (2.3)

where a, b, ¢, d are real numbers, and a # 0. We can use a simple change

of variable .
= —. 2.4
z=x+ % (2.4)

First, we can write the above equation as

f(z) = az® +3B2° + 3y +d =0, (2.5)
where b
c
- = _. 2.6
B=3 =3 (2.6)
Substituting the new variable z = = + g orr=z— g, we have
a(z — §)3+3ﬂ(z—§)2+3v(z— §)+d:0. (2.7)
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Using the formula (z +y)® = 22 + 322y + 3zy? + 3® and expanding the
above equation, after some algebraic manipulations we have

3h g
z3+¥z+ s =0, (2.8)
where
h=ay— (2, g = a’d — 3afy + 23°. (2.9)

This essentially transforms the original equation into a reduced or de-
pressed cubic equation. By defining a constant

b .. b b

e _ (Y3 b9 b
5= F(-b/(30)) = a(~ ) 4 b(~ ) 4 () + d
263 be 283 —3aBy+a®d g
27a2 3a+d a? a?’ (2.10)

and the Cardan’s discriminant A = g2 + 4h3, we have
A = a?(a®d® — 6afByd + 4avy® + 433%d — 33%9?) = a* (0% — %), (2.11)

or

62:5273

= (2.12)

In the case of A > 0, the reduced cubic equation has one real root.
The real root can be calculated by

IR R NG S

or

r=z— i:fiJr i/%(cpr %\/Z)—i- (’/%(5 ai\/Z) (2.14)

2

If A =0, it has three real roots. If € # 0, it gives two equal roots, and
the three roots are

z=¢( ¢ -2 (2.15)

where ¢ is determined by (? = —h/a?. Thus, the signs of ¢ and §
are important.’ In modern scientific applications, we rarely use these
formulae, as we can easily obtain the solutions using a computer. Here
we just use this case to illustrate how complicated the process can
become even for cubic polynomials.

1For details of derivations, please refer to Nickalls, R. W. D., Mathematical
Gazzette, 77, 354-359 (1993).
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Example 2.2: Now let us revisit the previous example f(z) =
202 +3x -6 =0. Wehavea=1,b= -2 (or 8 = —2/3), ¢
=1), and d = —6. Letting 2 =z — 2 =z +2/3, we have

I
w s
—~~
o
=

3a
5,5, 124
3 27
So
6_2ﬁ3—3aﬂw+a2d__% h—§
- a? T KK
and 1o
A = a*(a*d® — 6afyd + 4o’ + 45%d — 25°0%) = ==

Since A > 0, there exists a single real root which is given by
B P T I N A P YRS Y
V2 r TV 2\ 271 12V 79

/12 -1 4
27 X

where we have used ( = —1. Therefore, the real root becomes x =

For quintic polynomials (degree five) or higher, there is no general
formula according to the Abel-Ruffini theorem published in 1824. This
means that it is not possible to express the solution explicitly in terms
of radicals (\[ or surds). In this case, approximate methods and nu-
merical methods are the best alternatives.

2.3 Descartes’ Theorem

Descartes’ rule of signs or theorem can be useful in determining the
possible number of real roots. It states that the number of positive
roots of a polynomial p(x) is equal to the number of sign changes in
the coefficients (excluding zeros) or less than it by a multiple of 2.
Similarly, the number of negative roots is the number of sign changes
in the coeflicients of p(—x) or less than it by a multiple of 2.

Let us demonstrate how it works by using an example. For the
polynomial p(z) = 2 — 222 — 252+ 50, the coefficients are +1, —2, —25,
and +50. The number of sign changes of its coefficients are 2 (from
+1 to —2, and from —25 to +50). So the number of positive roots are
either 2 or 0 (none). In order to get the number of negative roots, we
first have to change the polynomial p(z) to p(—z)

p(—2) = (—2)* — 2(—2)* — 25(—x) + 50 = —a® — 22% 4 252 + 50,
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whose coeflicients are —1, —2,+25, and +50. So the number of sign
changes of the coefficients is 1 (from —2 to +25), and the number of
negative roots is 1 (it cannot be 1 —2 = —1). In fact, the factorisation
of p(z) leads to

p(z) = (z = 2)(z +5)(z = 5) = 0,

whose roots are 2, —5, and +5. Indeed, there are two positive roots
and one negative root.
As another example, let us try the following polynomial

f(z) = 2% — 42* + 32% — 12.

The coefficients of °, x> and z are zeros, so we do not count them. The

only valid coefficients are +1, —4,+3 and —12. So the number of sign

changes is 3, and the number of positive roots is either 3 or 3 —2 = 1.
Furthermore, we have

f(=2)=(—2)%— 4(—2)? +3(—2)? —12=25— 42" + 322 —12= f(z),

which is an even function. Therefore, the coefficients are the same, and
the number of sign changes is 3. The number of negative roots is either
3 or 1. In fact, the factorisation leads to

fla) = (z +2)(z = 2)(z" +3),

which has a positive root +2 and a negative root —2.

Example 2.3:  The permeability k of porous materials such as soil
depends on the average grain size D and the void ratio € in terms of the
well-known Kozeny-Carman relationship

D% € k

k=A .
A+re & U+re 4D

where A is a coefficient which depends on the viscosity of the fluid and also
slightly on temperature. The unit of k is m?, though Darcy ~ 10712 m?
is the common unit in earth sciences and engineering. Suppose we know
the values of k, A, and D so that a = ﬁ = % we want to calculate the
void ratio €. Now we have, after multiplying the equation by 2

2¢3 —e—1=0.

Since the signs change once, from Descartes’ rule of signs, we know that
there is at most one real root and in fact exactly one real root. Since
—e=-¢€—2¢ and 0 = 2¢? — 2¢2, we have

2 —e—1=26+2+€—2¢2 — 2 — 1
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=€(28 +2e+1) — (22 + 2 +1) = (e — 1)(2¢* +2¢ + 1) = 0.
Therefore, we have either e — 1 =0, or 2¢2 +2¢+1 = 0. That ise = 1.

Here we can see that the number of positive and negative roots is
just a possible guide, and the actual number has to be determined by
other methods. Readers who are interested in such topics can refer to
more specialised books.

2.4 Applications
2.4.1 Stokes’ Flow

Stokes’ law is very important for modelling geological processes such
as sedimentation and viscous flow. For a sphere of radius r and density
ps falling in a fluid of density p; (see Fig. 2.2), the frictional/viscous
resistance or drag is given by Stokes’ law

Fup = 6mpor, (2.16)

where g is the dynamic viscosity of the fluid. v is the velocity of the
spherical particle. The driving force Fyown of falling is the difference
between the gravitational force and the buoyant force or buoyancy.
That is the difference between the weight of the sphere and the weight
of the displaced fluid by the sphere (with the same volume). We have

Faown = Anpsgr - Anpsgr” = Am(ps — pf)gr‘o” (2.17)
3 3 3
where g is the acceleration due to gravity.
The falling particle will reach a uniform velocity v, called the ter-
minal velocity or settling velocity, when the drag F, is balanced by
Faown, or Fyp = Faown. We have

A (ps — py)gr’
R M (2.18)
which leads to
2 s 2 s 2
v — (ps —prlgr™ _ (p pf)gd’ (2.19)
M 184

where d = 2r is the diameter of the particle.

We know that the typical size of sand particles is about 0.1 mm
=10"* m. Using the typical values of ps = 2000 kg/m?, py = 1000
kg/m3, g = 9.8 m/s?, and u = 1073 Pa s, we have vy ~ 0.5 x 1072
m/s = 0.5 cm/s. Any flow velocity higher than v, will result in sand
suspension in water and long-distance transport.
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Fup

Fdown
Vs

Figure 2.2: Settling velocity of a spherical particle.

Stokes’ law is valid for laminar steady flows with very low Reynolds
number Re, which is a dimensionless number, and is usually defined as
Re = pyvd/p = vd/v, where p is the viscosity or dynamic viscosity,
and v = u/py is called the kinematic viscosity. Stokes’ law is typically
for a flow with Re < 1, and such flow is often called the Stokes flow.

From equation (2.19), we can see that if p; < py, then the particle
will move up. When you pour some champagne or sparkling water in a
clean glass, you will notice a lot of bubbles of different sizes moving up
quickly. The size of a bubble will also increase as it moves up; this is
due to the pressure decrease and the nucleation process. Large bubbles
move faster than smaller bubbles. If we consider a small bubble with
negligible change in size, we can estimate the velocity of the bubbles.
The dynamic viscosity and density of champagne are about 1.5 x 1073
Pa s and 1000 kg/m?, respectively. For simplicity, we can practically
assume the density of the bubbles is zero. For a bubble with a radius of
r = 0.1 mm or diameter d = 0.2 mm =2 x 10~% m, its uprising velocity
can be estimated by

(1000 —0) x 9.8(2 x 10~*)? N B
"o 18 x 1.5 x 103 ~0.015m/s = 1.5 cm/s.  (2.20)

Similarly, gas bubbles in hot magma or a volcano also rise. The
viscosity of magma varies widely from 102 to 10'7 Pa s, depending
on the temperature and composition. For granitic liquid, its typical
viscosity is 7 = 10° Pa s with a density of ps = 2700 kg/m3. A gas
bubble with a diameter d=1 cm=0.01 m, its ascent velocity is

(2700 - 0) x 9.8 x (0.01)% _ P
Vs= 13 < 105 ~ 1.5x 107° m/s~ 47 m/year, (2.21)

which means that it will take more than 500 years for a bubble of this
size to rise from 25km deep to the surface.
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2.4.2 Velocity of a Raindrop

Raindrops vary in size from about 0.1 mm to 5.5 mm. Now the fluid is
the air with density p, = 1.2 kg/m?, and viscosity u, = 1.8 x 107° Pa
s. For a very small cloud drop or raindrop d = 0.15 mm = 1.5 x 1074
m with a density of p,, = 1000 kg/m?, we can estimate its terminal
velocity as

(pw — pa)gd® (1000 —1.2) x 9.8 x (1.5 x 10~*)2
184t B 18 x 1.8 x 105

= ~ 0.68 m/s,
which is about the same value as observed by experiment. In this
case, the Reynolds number is approximately Re = Lavd o 6.8, which is
bigger than 1. There will be some difference between estimated values
and the real velocity.

However, for larger raindrops, their falling velocities are high, and
Stokes’ law is no longer valid. We have to use a different approach to
calculate the terminal velocity. Stokes’ law should be modified to

1
Fdrag - §PaCdU2A, (222)

where Cy is a dimensionless drag coefficient which depends on the shape
and Reynolds number of the falling particle. For raindrops, it is typ-
ically in the range of 0.4 to 0.8 for small spherical raindrops to large
raindrops. Here A is the perpendicular area, and A = 7r? = wd?/4 for

a sphere. So the drag force is
L 2 1 2 72
Farag = 5Capav™ — = = gwcd,oav d. (2.23)

The downward force is given by

4 w 3 4 a 3 w — Fa d3
Fro — 7rp3g7’ B ﬂpggr _ 7l 6/) )y , (2.24)

where we have used d = 2r. Now the terminal velocity is determined
by the balance Fyrag = Faown OF

T(pw — pa)gd®

1
§7er,0av2d2 = 6 )

(2.25)

which gives

4 — d
o= | HPw—pa)gd (2.26)
3Cdpa
The viscosity does not appear in the expression explicitly; however,
the terminal velocity does depend on viscosity through the implicit
dependence of Cy on Re which includes viscosity. For large raindrops,

the Reynolds numbers are typically in the range of Re = 200 to 1500.
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The largest raindrops typically have a diameter of d = 5.5 mm=5.5x
1073 m, and Cy = 0.5. The terminal velocity is approximately

Voo = \/4 X (1000 1.2) x 98 xd 2.2 x 104d. (2.27)

3x0.5x1.2

Substituting d = 5.5 x 1072m, we have vs ~ v/2.2 x 10* x 5.5 x 10~3
~ 11 m/s, which is not far from the measured velocity ve ~ 9 to 12
m/s by Beard.? This speed range is equivalent to 33 km per hour (or
20 mph) to 43 km/h (or 27 mph). Such an impact velocity will provide
enough energy for severe soil erosion.

As we can see, larger raindrops fall faster than smaller ones, so
they will catch up and collide with many smaller raindrops on the
way, and thus larger raindrops will ultimately break by such frequent
bombardment before getting too large. This limits the size of the largest
possible raindrops to about 5.5 mm to 7 mm.

However, for hailstones, their sizes are much larger and thus their
terminal velocities are higher according to (2.27). For example, a hail-
stone of d=1 cm= 0.01 m would typically have a terminal velocity
vs = V2.2 x 10 x 0.01 &= 15 m/s, or 54 km/h. For d =5 c¢m, vs = 33
m/s or 119 km/h. It could cause a lot of damage.

Snowflakes drift down slowly and their terminal velocities can also
be estimated by equation (2.26). The density of snowflakes is typically
5% to 12% of the density of water, or p, = 50 to 120 kg/m® depending
on the weather conditions. The size of a snowflake can usually vary
from 1 mm to 3 cm or even larger, though most are a few millimetres
in diameter. Using the values of ps = 80 kg/m3, p, = 1.2 kg/m? for
air, D =3 mm = 3 x 1072 m, and the drag coefficient Cp = 1.15 for a
disk, we have

41X (30— 1.2) x 9.8 x 4 x 10-3
vs:\/ X ) x 984 x ~ 1.5 m/s, (2.28)

3x1.2x1.15
which is about 5.4 km/h.

2Bead, K. V., Terminal velocity and shape of cloud and precipitation drops aloft,
J. Atmos. Sci., 273, 1359-1364 (1076).



Chapter 3

Binomial Theorem and
Sequences

After reviewing the fundamentals of the polynomials and index nota-
tions, we are now ready to introduce more important topics in math-
ematics. In the notations of indices, we have tried to simplify certain
expressions such as (a*b?)®/a'?, but we never actually dealt with the
factors such as (a +b)°. This requires the introduction of the binomial
theorem, which is an important mathematical technique. Binomial the-
orem is a basis for mathematical analysis of probability as commonly
used in geostatistics and data modelling. Sum of series is crucial for
numerical analysis and approximation techniques.

In earth sciences, we often have to deal with powers and logarithms.
Logarithms become very convenient for dealing with numbers with a
wide range of variations, as we will demonstrate in describing the scale
and distributions of earthquakes and near-Earth objects.

3.1 The Binomial Theorem

From the discussions in the previous chapters, we know (a + b)? = 1
and (a +b)* = (a +b) = a + b. We also know that

(a+b)? = (a+b)(a+Db) =ala+b)+bla+b)=a®+2ab+ b (3.1)

If we follow a similar procedure to expand, we can deal with higher-
order expansions. For example,

(a+0)® = (a+b)(a+b)? = (a+b)(a®+ 2ab + b?),
= a(a® + 2ab + b*) + b(a® + 2ab + b?) = a® + 3a®b + 3ab® + b*. (3.2)

31



32 CHAPTER 3. BINOMIAL THEOREM AND SEQUENCES

Similarly, we have
(a+b)* = a* + 4a3b + 6a%b* + 4ab® + b*, (3.3)

(a+0b)® = a® + 5a*b + 10a®b? + 10a%b® + 5ab* + b°. (3.4)

These expressions become longer and longer, and now the question is
whether the general expression exists for (a+b)™ for any integer n > 07
The answer is yes, and this is the binomial theorem.

3.1.1 Factorials

Before we introduce the binomial theorem, we have to introduce some
other relevant concepts such as factorials.

For any positive integer n, the factorial n (or n factorial), denoted
by n!, is the product of all the n natural numbers from 1 to n. That is

nl=nxm-1)x(n—-2)x..x1. (3.5)

For example, we have 1! =1, 21 =2x1=2,3'=3x2x 1 =6, and
5l =5x4x3%x2x1=120. Similarly, 10! = 10x9x... x2x 1 = 3628800.
From the above definition, we can easily obtain a recursive formula

(n+1)!'=n!x(n+1), (n=1,2,3,...). (3.6)

In fact, the above equation is still valid for n = 0. Now you may
wonder what is the value of 0!7 For consistency and simplicity in writing
mathematical expressions, it requires that we define 0! = 1. In fact, it is
also possible to define the factorial of negative integers, but it involves
more difficult concepts such as I' function and T' integrals. Anyway,
factorials of negative numbers such as (—5)! are rarely used in earth
sciences, so we do not need to study them further.

The combinatorial coefficient or binomial coefficient is often written

in the form |
n n!
="Cr, = ——, .
( ) ri(n —r)! (3.7)

where n,r > 0 are integers. Here the symbol ‘=’ means ‘it is defined
as’ or ‘exactly the same as’. In some literature, the notation "C, is also
widely used. To write the expression explicitly, we have

(n> _ n(n_l)(n—Q)...(n—r—Fl)' (3.8)

T Ix2x..x(r=1)xr

For example, we can calculate (150) by using either (150) = %m

10 |
_30240 _ _ __ 100 _ 3628800 _
=0 = 252, 0r <5> = BI(10-5)! — 120x120 252.
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Special cases are when » = 0 and r = n, we have (g) =1, and

(Z) = 1. From the definition of a factorial and (3.6), we have

<mi 1) " (m+ 1)!(2! m—1)!

B nl x (n —m)
m!x (m+1)x (n—m-—1)!x(n—m)

=(n—m)!

e _eom oy

7m!(n—m)!x m+1  (m+1)\m

(3.9)

which is valid for m = 0,1,2,... and n > m.

3.1.2 Binomial Theorem and Pascal’s Triangle

Now we can state the binomial theorem, for any natural number n, as
n__ n n n n—1 n n—212 n n—1 n n
(a+b) <O>a +<1>a b+(2>a b +...+<n_1>ab +(n>b .

Example 3.1: In the case when n = 5, the binomial theorem gives

(a+b)°= (g) a’® + (f) a*b+ (g) a®b® + (g) a’b* + (i) ab* + (g) b.

It is straightforward to verify that

()= ()=2 ()= (3)=m ()= ()

and we have (a + b)® = a® + 5a*b + 10a3b? + 10a2b> + 5ab* + b°.

We can see that there is a certain symmetry in the coefficients. In
fact, the coefficients form the famous pattern — Pascal’s triangle.

The coefficients on the extreme left (and right) are always 1, and
the coefficient of the next row is the sum of the two coefficients on its
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‘shoulders’ in the previous row. For example, 10 in the 5th row is the
sum of 4 and 6 in the 4th row, so is 5 =4 + 1.
In general, we have the recursive relationship

<:) _ <7::D n <“; 1), (n=1,2,3,..). (3.10)

Example 3.2: We now use (3.9) to prove the above relationship. We
know that

G B () R el ) B Bty

we then have

o)) -2
Sesn ) -1 ()

n_ (n=-1)xnm-2)x..x(n-1)—(-1)+1)

X 1x2x..x(r—1)
_nx(m-1)x..x(n-r+1) :<n)

I1x2x..x(r—1)xr T

An interesting issue here is that you may wonder what happens if
we extend the integer n to fractions and even negative numbers, say
(a+b)~1/2? This will lead to the generalised binomial theorems which
involve infinite series.

The above formula provides a way to construct the coefficients from
n = 1. In essence, this formula describes a sequence.

3.2 Sequences
The simplest sequence is probably the natural numbers
1, 2, 3, 4, 5, ... (3.11)

where we know that the next numbers should be 6, 7 and so on and
so forth. Each isolated number is called a term. So 1 is the first
term, and 5 is the 5th term. Mathematically speaking, a sequence is a
row of numbers that obeys certain rules, and such rules can either be
a formula, a recursive relationship (or equation) between consecutive
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terms, or any other deterministic or inductive relationship. In general,
we have a sequence

a1, G2, A3, ..., Qp,... (3.12)

where a7 is the first term and the nth term is a,. It is worth point-
ing out that it is sometimes more convenient to write the sequence as
a0, 01,02, 03, ..., Gn, ..., depending on the context. In this case, we have
to be careful to name the term. The first term should be ag and the
nth term is a,_1.

Example 3.3: For example, the sequence
2, 5, 10, 17, 26, ..., (3.13)
can be described by the formula for the nth term
an=n%+1, (n=1,2,3,..).

The sequence —1, 1, 3, 5, 7, ... corresponds to the formula a,, = 2n — 3
for (n=1,2,3,...). It can also be described by the recursive formula

Gpt1 = apn + 2, a; = —1, (n=1,2,3,...).

There is a constant difference between consecutive terms a,, and @, 41.
On the other hand, the sequence

2,1

g eee

0| =

11
) 27 47

)

has a constant ratio r = 1/2. The general formula is
an = 2r"7 1, (n=1,2,3,..),

which is also equivalent to the recursive relationship

There are two special classes of widely-used sequences. They are
arithmetic sequences and geometric sequences. In the previous exam-
ple, the formula a,, = 2n — 3 (n = 1,2,3,...) is an arithmetic sequence
because there is a common difference d = 2 between a, 41 and a,,. On
the other hand, the formula a,, = 27"~ ! describes a geometric sequence
with a common ratio r.

In general, an arithmetic sequence, also called arithmetic progres-
sion, can be written as

an =a+ (n—1)d, (3.14)
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where a is a known constant (often the first term), and d is the common
difference (also called the step). We often assume d # 0, otherwise we
have a trivial sequence with every term being the same number. For
example, the formula a,, = 2n — 3 for the sequence —1,1,3,5, ... can be
written as

ap =2n—3=—-14+2(n—1), (3.15)

which gives a = —1 and d = 2.

On the other hand, a geometric sequence, or geometric progression,
is defined by a1 = @ and a,,+1 = ra,(n = 1,2, 3, ...), where the common
ratio r # 0 or 1. This definition gives

a1 =a, as = ar, az = ar’, ..., ap = ar"", ..., (3.16)

whose nth term is simply

an = ar™ ", (n=1,2,3,..). (3.17)
Obviously, r can be negative. For example, for a = 1 and r = —%, we
have 2 4 9 16
1, ——=, =, ——, —, ... 3.18
379 27 817 Y ( )
whose nth term is )
an = (fg)”*l. (3.19)

3.2.1 Fibonacci Sequence

Now the question is which form of formula we should use? In general,
we should use the formula for the nth term because we can easily
calculate the actual number for each term. If we try to study the
relationship between terms (often among consecutive terms, though not
always), we should use the recursive relationship. It is worth pointing
out that the relationship between these two forms could be complicated
in some cases. Let us look at a classic example.

Example 3.4: The famous classic sequence is the Fibonacci sequence
0,1,1,2 3,5, 8 13, 21, ...
whose recursive relationship (or equation) is
pt1 = Qp + Ap—1, (n=1,2,3,...),

with ag = 0 and a; = 1. The formula for the nth term is not simple at all,
and its construction often involves the solution to a recurrence equation.
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In order to get the general expression of nth term for the Fibonacci
sequence, we have to solve its corresponding recurrence equation

Gpt1l = Ap + Qp_1. (3.20)

This is a second-order equation because it involves the relationship
among three consecutive terms. First, we can assume that the general
term consists of a generic factor a, = BA" where X is the unknown
value to be determined, and B is an arbitrary constant.!

Substituting a,, = BA™, equation (3.20) becomes

BX"Tt = BX" + BA"TL (3.21)

By dividing BA"~! (assuming it is not zero, otherwise the solution is
trivial, that is zero), we have a characteristic equation

M —-A-1=0. (3.22)

This is a quadratic equation for A, and its solution can be obtained

easily. We have

1+5 1-+5
) >\2 = .

2 2

The trick here is again to assume that the generic form of the solution

is a linear combination of the two possible basic solutions

4 a5

where o and (3 are undetermined coefficients. Now we have to determine
« and ( using the initial two terms ag = 0 and a; = 1. For n = 0, we
have

A= (3.23)

an = o] + BAL = af )", (3.24)

a=0=a+p4, (3.25)

which means f = —a. For n =1, we have

14+5 1-v5 1++5 1-+/5

@ = 1= a(=5) + A=) = a(—5) — al—

). (3.26)

Its solution is simply o = 1/4/5. Subsequently, we have 3 = —a =
-1/ V5. Therefore, the general formula for the nth term in the Fi-
bonacci sequence is

1 1++v56, 1-+5,
an=ﬁ[( 5 )"~ ()" (3.27)

This formula is almost impossible to guess from the relationship of the
sequence itself. It leaves us with the task of verifying that this formula
indeed provides the right terms for the Fibonacci sequence.

1Readers can refer to more advanced textbooks such as Yang, X. S., Mathemat-
ical Modelling for Earth Sciences, Dunedin Academic, (2008) and its bibliography.
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3.2.2 Sum of a Series

Sometimes, we have to calculate the sum of all the terms of a sequence.
For example, when Gauss was a child, he was able to add all the natural
numbers from 1 to 100 in an amazingly short time.

1+2+3...+99+ 100 = 5050. (3.28)
This is because the sum of all the numbers from 1 to n is
1
1+2+...+n=%. (3.29)

In this case, we are in fact dealing with the sum of all the terms of a
sequence. Traditionally, we often refer to a sequence as a series when
we are dealing with the sum of all the terms (usually, a finite number
of terms).

Conventionally, we use the sigma notation, > from the Greek cap-
ital letter S, to express the sum of all the terms in a series

Zai:a1+a2+...+an, (3.30)

i=1

where a; denotes the general term, and the sum starts from ¢ = 1 until
the last term i = n.

For the sum of an arithmetic series with the ith term of a; = a +
(i — 1)d, we have

S=Y ai=artaz+..4an= _a_+(at+d)+(a+2d)+..+(a+ (n — 1)d)

=1 =ai =ay,

=a1+ (a1 +d) + (a1 + 2d) + ... + (ap, — d) + ay. (3.31)

We can also write this sum from the back (last term a,) to the front
(first term a1 = a), and we have

S=an+(an—d)+ (an—2d)+ ...+ (ap — (n—2)d) +a

=an+ (an —d) + (an, —2d) + ... + (a1 + 2d) + (a1 +d) + a1. (3.32)

Adding these above two expressions and grouping the similar terms,
we have

25 = (a1 +ap)+ (a1 +d+a,—d)+...+(an—d+a1 +d)+ (an + a1)

= (a1 + an) + (a1 + an) + ... + (a1 + an) = n(a1 + ap). (3.33)

Therefore, the sum S is

S = g(al + ay). (3.34)
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As a1 = a and a,, = a+ (n — 1)d, we also have

(n—1)
2

S = g[Qa—i—(n— 1)d) = nfa + dl. (3.35)

Example 3.5: In the case of the sum of all natural numbers 1 + 2 +
3+..+n, wehave a =1 and d = 1, so the sum is

n(n+1)'

S:1+2+3+...+n:g[2x1+(n—1)xl]: >

For the sumof S=143+5+..+ (2n—1), we havea=1,d =2 and
an = 2n — 1. Now we have

S:1+3+5+...+(2n—1):g[1+(2n—1)]:n2_

For the sum of a geometric series, we have

n
S = Zai =atart+ar®+. . far"?far"t. (3.36)
i=1

Multiplying the above equation by r on both sides, we have

rS = ar+ar’* +ar® + ...+ ar" % 4 ar™ " far™. (3.37)
Now if we subtract the first from the second equation, we have
rS—S=a"—a, (3.38)

or
(r=1)S=a(" -1), (3.39)
which leads to o ) .
gt =l _all=r") (3.40)
(r—1) (1-7)
It is worth pointing out that it may cause problems when r» = 1 becomes
the division by zero. In fact, when r = 1, all the terms in the series are
the same (as the first term a), so the sum is now a + a + ... + a = na.
Another special case is when r = —1; then we have an oscillatory
series a, —a, +a, —a, ..., and the sum will be S = 0 when n is even, or
S = a when n is odd. Both r =1 and » = —1 are thus trivial and we
will not discuss them any further.

Example 3.6: For the sum of the geometric series

) (2 (D

=1
o +(3 3 3
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we have ¢ =1 and r = —2/3, so we have
O Ix [ -(H)" 1= (F)"
S = 5 = 5 .
1—(=3) 3
For example, when n = 10, we have
2 4 12 1—(=2/3)10 11
S*l——+——g+...— o = (=2/3) = 605.
3 9 27 19683 5/3 19683

Because the addition of any two numbers is interchangeable, that
is a4+ b = b+ a, it is easy to verify that the sum of two series follows
the addition rule

n

Z(ai +b;) = (a1 +b1)+ (az +b2) + ... + (an +by)
i=1
= (a1t ot an)+ b1t tby) =D ai+ b (3.41)
i=1 i=1
Similarly, for any non-zero constant 5, we have

Zﬁai:ﬁal—l—ﬁag—l—...—l—ﬁanzﬁ(al—i—...—l—an ﬁZal (3.42)
i=1

These properties become useful in calculating the sum of complicated
series. Let us look at an example.

Example 3.7: We now try to calculate the sum of the series
S=5+10+ 18 + 324 58 4+ 108 + ... 4+ 1556.
The general formula to generate this sequence is
an =2n+3x 2"

The sum can be written as

S = Zal—z (20 +3x 271 —222+3222 1
=1

The first part is twice the sum of an arithmetic series, while the second
part is the sum of a geometric series multiplied by a factor of 3. Using the
sum formula for arithmetic and geometrical series, we have the sum

n(n+1) 1x(2"-1)

Sk S VAT S G Sl
> TP T e

In the case of n = 10, we have

S=5+10+4 18+ 32+ ... + 1556 =10 x (10 + 1) + 3 x (2'° — 1)=3179.

S=2x n(n+1)+3(2" —-1).
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3.2.3 Infinite Series

For an arithmetic series, the sum S = na + %d] will increase as n
increases for d > 0, and this increase will be unbounded (to any possible
large number).

On the other hand, the sum of a geometrical series

a(l —7r™)

S = T, (3.43)
will have interesting properties as n increases to very large values. For
r > 1, r" will increase indefinitely as n tends to infinity, and the magni-
tude or the absolute value |S| of the sum S will also increase indefinitely.
In this case, we say the sum diverges to infinity. Similarly, for r < —1,
r™ also increase indefinitely (to large negative when n is odd, or to large
positive when n is even). As mentioned earlier, both r = 1 and r = —1
are trivial cases. So we are now only interested in the case —1 < r < 1,
or |r| < 1 where |r| is the absolute value of r. For example, |—0.5| = 0.5
and ]0.5| = 0.5.

As n increases and tends to infinity, we use the notation n — oo.
In the case of —1 < r < 1, the interesting feature is that »™ becomes
smaller and smaller, approaching zero. We denote this by ™ — 0 as
n — oo. As the number of terms in the series increases to infinity,
we call the series an infinite series. Therefore, the sum of an infinite
geometrical series with |r| < 1 will tend to a finite value (the limit),
and we will use the following notation

S=a+ar+ar’+ .. +ar 4 ..

1_ n
= lim Za, = lim ) S (3.44)

n—oo 1 —7r 1—r

Let us look at some applications.

Example 3.8: The classic example is the sum of

1 1 1 1
S—1+§+Z+§ 16+

where ¢ =1 and r = 1/2. So we have

a 1

eI Tioie

For the infinite series

1 1 1
§=3-3-2+3 23 7=+
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we have to change the series into

3.3 Exponentials and Logarithms

When we discussed the geometric sequence, we frequently used the nth
term ar™~! where a # 0 and the ratio r are given constants. By varying
the positive integer n, we can calculate the value of any term in the
sequence. If we extend the values of n from integers to real numbers z,
the function r® is in fact an exponential function.

So an exponential function is in the generic form b*

flz) = b7, (3.45)

where b > 0 is a known or given real constant, called the base, while the
independent variable z is called the exponent. In the context of real
numbers, we have to limit our discussion here to b > 0. When b < 0,
for some values of x, b* will be meaningless. For example, if b = —3
and z = 1/2, then (=3)'/2 = /=3 would be meaningless. Similarly,
say, when b = 0 and = —5, then b* = 0~° = 1/0° would also be
meaningless.

In addition, a trivial case is when b = 1, then f(z) = 1* =
everywhere. It becomes a single constant, not a function in the standard
sense. Three functions f(z) = 2%, (3)* and (1)* are shown in Fig. 3.1
where all the functions will go though the points (0,1) where z = 0
and f(0) = 1. If b > 0, then b* > 0 for all x. This is because if z > 0,
b* > 1> 0, while z < 0, b* = b~ 1*l = ﬁ > 0. We can also see that
the reflection in the y—axis of 2% is (1/2)*. In fact, both b* and (1/b)*
are the reflection of each other in the y—axis.

An interesting extension for f(xz) = a® is that

1 1

—x)=a "= — = (-)". 3.46
J=r) =0 = — = (=) (3.46)
Therefore, the division of two exponential functions a® and b” is
a® a
— =(<)". 3.47
== (3.47)

Now suppose we know the value of b > 0 and the value of the
function y = b®, a challenging question is if we can determine = given
b and y. This is essentially to calculate the inverse of the exponential
function so as to find x that satisfies

b = y. (3.48)
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Figure 3.1: Exponential functions.

The notation for such inverse is
x = logy v, (3.49)

where b is again the base. That is to say, = is the logarithm of y to
the base b. As discussed earlier, y = b* > 0 is always positive for b > 0,
the logarithm is only possible for y > 0 and b > 0. Since b° = 1, we
have 0 = log, 1. From b! = b, we have 1 = log, b. In addition, we can
also combine the above two equations, and we have

blogy — g, (3.50)

Since, for any real numbers p,q and b > 0, we can define two new
variables u = bP, v = b9, and

y = bPb? = uv = P, (3.51)
From the definition of the logarithm, we now have
p+ q =log, y = log, (uv). (3.52)
Since p = log, u and g = log;, v, we finally obtain
logy, (uv) = p + q = log, u + logy v. (3.53)
This is the multiplication rule. If we replace ¢ by —¢ so that bPb~7 =
bP /b? = u/v, we can easily verify the division rule

logy, % = log, u — logy v. (3.54)

When p = ¢ (so u = v), we have log, (u?) = 2log, u) which can easily
be extended to any z
log, u* = zlog; u. (3.55)
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A special case if © = 1/n, we have
1
log, u'/™ = log, /u = - log, u. (3.56)

As these rules are valid for any b > 0, it is sometimes convenient to
simply write the above rule without explicitly stating the base b. This
means that we more often use

log(uv) = logu + logv. (3.57)

Even though any base b > 0 is valid, some bases are convenient
for calculating logarithms and thus more widely used than others. For
historical reasons and because of the decimal systems, base b = 10 is
widely used and we write log; u.

Another special base is the base e for natural or Napierian loga-
rithms where

e = 2.7182818284..., (3.58)

and in this case, we simply write the logarithm as In, using a special
notation to distinguish from the common logarithms (log).

Inu = log, u. (3.59)

The reasons why e = 2.71828... is a natural choice for the base are
many, and readers can refer to some textbooks about the history of
mathematics. In this case, its corresponding exponential function

y=e", (3.60)

and its various forms such as exp[—x] or exp[—z?] appear in a wide
range of applications. The calculations of logarithms are not straight-
forward, so they were commonly listed in various mathematical tables
before computers became widely used. Nowadays, even a pocket cal-
culator can do very advanced logarithms.

3.4 Applications

3.4.1 Carbon Dioxide

The increase of the CO4 concentration in the atmosphere will lead to an
increase in the global temperature 7. The simplest model is probably
At
AT =~1In Alt) ), (3.61)
Ao
where A(t) is the CO2 concentration at time ¢ and Ay is the refer-
ence concentration at t = 0. The parameter ~ is called the climate
sensitivity, and it typically takes the value of v ~ 3.6 K. If we double
the CO2 concentration A = 2A(, we have the increase in temperature
AT =3.6xIn2~2.5K.
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Figure 3.2: Multilayered parallel folds.

3.4.2 Folds

Multilayered crust can form folds when compressed by a lateral force,
resulting in buckling and deflection of the layers (see Fig. 3.2).
The dominant wavelength of folds can be described by the Biot-

Ramberg equation
I m
A=27h {| —— 3.62
wh {f o (3.62)

where h is the thickness of the layer, and X is the wavelength of the
folds. m1/n2 is the viscosity contrast or ratio of layers such as limestone
in shale. n is the number of layers. We can see that high viscosity
contrast 71 /n2 will result in long wavelength as in the case of limestone
in shale, while low viscosity ratio 7 /n2 will typically result in short
wavelength, such as siltstone and shale layers. In addition, a thicker
layer (larger h) also produces folds with a longer wavelength, while
multiple layers have short wavelengths compared with their monolayer
counterpart.

Suppose the average viscosity ratio for a region with folds is 71 /12 =
19. What is the wavelength for a layer with a given h?

From the equation, we have A = 27h(2 x 19)!/3 = 9.23h. For h =5
mm, we have A =~ 9.23 X 5 &~ 46 mm, where the symbol ‘~’ means
‘approximately equal to’ or ‘is about’. However, if h = 50 m, then
A = 460 m. Conversely, we can measure the wavelength of the folds
and then estimate the rheological properties.

3.4.3 Gutenberg-Richter Law

The Gutenberg-Richter law is an empirical relationship between the
magnitude M and the total number N of earthquakes for a given period
in a given region. It can be written as

log;g N = a — bM, or N =10%""M (3.63)

where a and b are constants. The value of b or b-value is of more
scientific importance, and typically 0.5 ~ 2 with a mean of b ~ 1.
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This relationship suggests that there will be 10-fold decrease in seismic
activity for a unit increase in magnitude. That is to say, there are about
10 times more magnitude 5 earthquakes than magnitude 6 earthquakes.

In general b is relatively stable; it does not vary much from region
to region. But recent studies show that it may vary between individual
fault zones. Whatever the variability of b will be, it is relatively safe to
say that Gutenberg-Richter law will be valid statistically in most cases.

If there are N; earthquakes of magnitude M7, and Ny earthquakes
of magnitude My, what is the ratio of Ny/Ny if My — My = 37

From the empirical law, we know that

Ny =107M 0 Ny = 1007 0Me, (3.64)

which leads to

a—bM a1n—bM
& _ 10 1 _ 10¢10 1 _ 1017(M2—]\/11) (3 65)
No 10a—bM2 10010—bM2 ' '

If b=1and My — M; = 3, we have %—; = 10'%3 = 1000. That is to say

there is a factor of 1000 in terms of the numbers of earthquakes.
Another measure of the earthquake magnitude is the moment mag-

nitude M,, which is related to the seismic moment My defined by

My = pAd, (3.66)

where p is the rock rigidity, d is the slip distance and A is the fault
area in the rupture plane. The unit of My is dyne-cm (10° dyne =1 N),
and all lengths are in centimetres. The moment magnitude M,, can be
calculated by

M, = %[bglo Mo — 16]. (3.67)
The seismic energy can be estimated by Es; = M,/20000. For example,
for the great Chilean Quake in 1960, the estimated values of slip dis-
tance d = 30 m = 3 x 10® cm, and p = 3 x 10! dyne/cm?. The fault
length is about 1000 km = 108 cm, and the width is 120 km = 1.2 x 107
cm, which means A = 10% x 1.2 x 107 = 1.2 x 10" cm?. Therefore, we
have

My =3 x 10" x 1.2 x 10* x 3 x 10*> = 1.08 x 10*° dyne-cm. (3.68)
Its moment magnitude M, is approximately
2
M, = §[1og10(1.08 x 103%) — 16] ~ 9.4. (3.69)
The seismic energy E is about Mg/20000 ~ 5.4 x 10%® ergs. Another

way to estimate E; is to use the Richter formula log;q s = 11.8 +
1.5M, ~ 11.8 4+ 1.5 x 9.4 ~ 25.9 so that E, = 10%>Y ~ 7.9 x 10?° ergs,
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Figure 3.3: Energy-frequency distribution of objects impacting
the Earth.

which is about the energy of 2 billion tons of TNT. Here we have used
1 ton of TNT which is equivalent to 4.18 x 10 J = 4.18 x 10*° ergs.
In the calculations, we have used the approximation that the Richter-
Romberg scale is about the same as the moment scale, though they are
in fact different.

3.4.4 Distribution of Near-Earth Objects

According to a detailed study by the NASA’s Near-Earth Object Sci-
ence Definition Team, the size-frequency distribution of near-Earth as-
teroids (NEA) approximately obey a power-law

Nsp ~ 1148 D~ 2354 (3.70)

where Ns p is the cumulative number or the number of asteroids with
a diameter greater than D in the unit of km. This means there are
about 1148 x 272354 ~ 224 NEAs with a diameter of more than 2 km,
while there are about 1148 x (0.1)72:3%* ~ 260,000 NEAs larger than
100 m.

Another study by Brown et al. (2002) suggested that the cumulative
number, IV, of objects colliding with the Earth each year with energies,
E, in kilotons or greater (1 kiloton TNT is about 4.18 x 10'2 J) obey
a power-law relationship

log N> g = 0.5677 — 0.90 log E, (3.71)
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or
N>E — 100.5677E70.90 ~ 3.7E70.9.

For example, for E = 5 ktons, we have N~5 =~ 3.7 x 57%9 = 1 or about
once a year. For E = 10000 ktons = 10 Megatons (with the energy of
Tunguska explosion), we have N~ 10000 & 3.7 X 10000792 ~ 0.00093 per
year, or about one in every 1/0.00093 ~ 1000 years. The log—log plot
of equation (3.71) is shown in Fig. 3.3.

The above equation is equivalent to the following equation in terms
of diameter D in metres of the colliding body

log N> p = 1.568 — 2.701og D, (3.72)

or
Nsp = 10198 D270 ~ 36.98 D270, (3.73)

For example, if D = 2 m, we have Nvy ~ 36.98 x 2727 ~ 6 per year.
This means the total number of objects with a diameter greater than
2 m colliding with the Earth is about 6 per year. If D = 0.5 m, we
have Nso.5 = 36.98 x 0.5727 a 240 per year, or 20 per month. These
small NEAs will usually break up and explode in the upper atmosphere
without causing any noticeable damage. However, on the other hand,
for D = 100 m, we have Nx1g9 =~ 36.98 x 100727 ~ 0.00015 per year,
which is equivalent to about one in every 1/0.00015 ~ 6700 years.



Chapter 4

Trigonometry and
Spherical Trigonometry

Spherical trigonometry is very important in earth sciences; however,
it has many fundamental differences from its counterparts of plane
trigonometry. In order to compare them, we have to review the funda-
mental concepts of plane trigonometry.

Spherical geometry is a natural mathematical tool for earth sci-
ences, as the Earth’s surface is approximately spherical. If our interest
is regional, where the effect of the Earth’s curvature is negligible, then
local variations become planar. In this case, plane trigonometry be-
comes relevant and useful.

In this chapter, after introducing the fundamentals of trigonometry
and spherical trigonometry, we will apply them to determine the vari-
ations of gravity with latitude, the great-circle distance between any
two points on a sphere, the relationship between bubble pressure and
surface tension, and contact angle and capillary pressure.

4.1 Plane Trigonometry

4.1.1 Trigonometrical Functions

Let us first define the angle in trigonometry. An angle is the measure
in an anti-clockwise direction from the z-axis, and such an angle is
positive, while a negative angle is measured in a clockwise direction
from the z-axis. The angles are often expressed either in degrees ° or
in radians. A whole circle is often divided into 360°, and a right angle
is 90°.

A radian is defined as the angle whose arc length is  which is also
the radius (see Fig. 4.1). As the total arc length or circumference of a

49
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Figure 4.2: Eratosthenes’ method of measuring the Earth’s size.

circle is 27, so we have
27 in radians = 360° in degrees, (4.1)

which means a right angle is 7/2. By dividing both sides of the above
equation by 27, we have

360°
1 1 = V= . ° . .
radian 5% 3.14159 57.296° degrees (4.2)
Conversely, we have
o_ 27 .
1° = 360 0.017453 radians. (4.3)

Example 4.1: The ancient Greek geographer, Eratosthenes, was prob-
ably the first person who tried to measure the size of the Earth accurately
using two vertical wells. In one well @) at Syene, the sunlight happened to
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Figure 4.3: A sine function sin(é) (solid) and a cosine function
cos(0) (dashed).

shine down the well at noon exactly during the Summer Solstice, while the
sunlight had a angle 6 with its vertical axis in another well P at Alexandria.
The distance s between P and @ is known. We know the circumference
L of the Earth is related to its radius R by L = 27R. From simple
trigonometry, we know that

s 0
L~ 360°
which leads to
I_ 3605.
0

Eratosthenes measured that 6 ~ 7.2° and s = 787 km, so the circum-

ference of the Earth was estimated to be
L~ w ~ 39,500 km,

which is very close to the modern value of L = 40,040 km.

Referring to the variables in Fig. 4.3, the basic sine and cosine
functions are defined as

sinf = g, cosf = = (4.4)
T r

Since |z| < r and |y| < r for any triangle, we have
—1<sinf <1, 1 <cosf <1. (4.5)
From the graphs of sinf and cos@ in Fig. 4.3, we know that

sin0 =sinm =0, cos0 = cos2m = 1, singzl, (4.6)

and 3
cosm = —1, sing = -1 (4.7
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Figure 4.4: Graph of tan(6)

In fact, the sine curve becomes a cosine curve if you shift to the left by
/2. That is

sin(6 + g) = cos#. (4.8)

Similarly, we have cos(f + 5) = —sinf. If we add 27 or 360° to the
angle 0, we will reach to the same point, we then have

sin(27 + ) = sin(0), cos(2m + 0) = cosf. (4.9)

This is equivalent to saying that both sinf and cos @ functions have a
period of 27 or 360°.

In addition, if we replace # by —6, then from the definition sinf =
y/r, the point at (x,y) becomes (z, —y) with the same r. This means
that

sin(—0) = v — sin(h), (4.10)

T
which suggests that sinf is any odd function. Similar argument sug-
gests that cos(—0) = cos(#), which is an even function.
Other trigonometrical functions can be defined using the basic sin
and cos functions. For example, the tanf can be defined as
y  sinf

tanf = = = ——, 4.11

a xr  cosf ( )
whose graph is shown in Fig. 4.4. Similarly, we have

1 cosf

1 1
cot § tanf  sinf’ cosec 6 sinf’ sec cosf ( )

In trigonometry, we often write either sin(f) or sin § as long as there
is no ambiguity. We also write the power as sin™ 6 = (sin6)™ for clarity
and simplicity.

Example 4.2: The geodetic reference system for calculating the gravity
as a function of latitude can be expressed by the Somigliana equation

1+ ksin? A

b
1 —e2sin? \

9(®) = go
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where go = 9.7803267714 m/s? is the gravity at the equator A = 0.
k =0.001931851386 and e = 0.006694379990 are constants. This formula
has been used since 1980.

Now let us calculate the value of g at the sea level for A = 45°. Since

sin45° = v/2/2 and sin® 45° = 1/2, we have
1+ k/2

45°) = go——to—
9(45%) = go 7

1+0.001931851386/2
/1 —0.0066943799902/2

There was another international gravity formula developed in 1967

=9.7803267714 x

~ 9.8061992 m/s?

g(\) = go[1 + asin® X — Bsin?(2))],

where go = 9.78031846 m/s?, a = 5.3024x 102 and 3 = 5.8 x 107°. Let
us see how this formula differs from the Somigliana equation at A = 45°.
Since sin(90°) = 1, we have

1
g(45°)=9.78031846 x (14 5.3024 x 10~ 3x 358X 1075 x 1]~ 9.80619.

Both formulae agree very well with 1075 m/s2.

Using the Pythagoras’ theorem 2?2 + y? = r?, we have

2 2 2
.2 2 Yo , Xy Yy tx 7
sin“d+cos“=(=) "+ (-)="—5—=—=5=1. 4.13
EpsEp=tit-o (4.13)
This equality is true for any angle 6, so we call it an identity. In some
mathematical texts, they often use the = symbol to emphasise the fact
that it is an identity and write it as

sin?@ + cos? 0 = 1. (4.14)

Again this suggests that |sinf| < 1, and |cosf| < 1.
Since tan§ = sin 0/ cos§ and

sin® 6 _ cos? § + sin? 0 _ 1 7 (4.15)
cos2 6 cos2 cos? 6
we have the following identity
1+tan®6 = L _ sec?0 (4.16)
~ cos? 6 ' ’

Other identities can be proved in the similar manner.



54 CHAPTER 4. TRIGONOMETRY AND SPHERICAL TRIGONOMETRY

Figure 4.5: Inverse of sinf = 0.5.

Example 4.3: Prove that the following identity

1 1

+ =1.
tan?0+1  cot?0+1

Since tan§ = sinf/ cos and cot 6 = cos/ sin 6, we have

1 1 1 1

+ = +
2 2 sin? 6 cos? 0
tan“0+1 cot 0+ 1 el eyt
1 1 1 1
_ — _ 2 in2pn —
" sin? 0+cos2 0 + cos2 @+sin260 1 + 1 = cos” 0 +sin“ 6 = 1,
cos2 0 sin2 0 cos? 0 sin2 0

which becomes the original identity.

The inverse of a sine function can be obtained by finding the value
of 6 once the value of y = sin 6 is given. That is

sinf =y, or 0 =sin"'y. (4.17)

In some literature, sin ! is also written as arcsin. For example, in order
to find the values 6 so that sin@ = 1/2, we can plot sin() for various
values of 0 (solid curve) and then draw a straight line shown in Fig. 4.5
where we can see that there are multiple solutions at x = —210°,30°,
150°, ... or © = =77 /6,7/6, 57/6, .... In fact, there are infinitely many
solutions in the form of

57

x = % + 2nm, T= + 2nm, (4.18)

where n = 0,4+1,£2,.... In order to avoid any possible ambiguity, the
angles in radians in the interval [-%, 7] are commonly defined as the
principal values of the sin™! function.

Similarly, the inverse of cos is denoted by cos™!, and its principal
values are in the interval of [0, 7], while the inverse of tan is tan~' whose

principal values are between —7/2 and /2, inclusive. It is worth noting
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Figure 4.6: Derivation of sin(a + 3).

that, since —1 < sinf < 1, the expression such as sin~! 2 is not valid
as there exists no angle such that sin @ is 2.

For the sine function of the addition of the two angles « and 3 (see
Fig. 4.6), we let the length of OB be 1 or OB = 1. Now we have

sin(a + 8) = g—g =BD=BE+ ED. (4.19)

Since OA = cos 3, AB = sin 3 and AE = sin asin 3, we have
AC = ED = OAsina = cos@sina, BE = ABcosa = sin 3cos a,
which leads to
sin(a + ) = sinacos B + cos asin 3. (4.20)
In the special case when o = 3, we have
sin 2o = sin acos a + cos avsina = 2sin a cos av. (4.21)

Similarly, we have

cos(a + ) = g—g =0D=0C-DC. (4.22)

From OC=0A cos a=cos 3 cosa and DC=FEA=AB sin a=sin §sin «,
we finally have

cos(a + ) = cosacos B — sin asin 3. (4.23)

Replacing 8 by —0 and using sin(—f3) = —sinf and cos(—f3) =
cos (3, we have

sin(a — ) = sinacos 8 — cos asin 3, (4.24)
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and
cos(a — ) = cosacos 8 + sin asin . (4.25)

From equation (4.23), if « = (3, we have cos 2ac = cos « cos a—sin asin «
=cos? a — sin® a.

Since sin? @+ cos2a =1 or sin? a = 1 — cos?

«, we have

cos2a = cos? a —sin v = 2cos? v — 1 = 1 — 2sin® . (4.26)

Example 4.4: Prove the identity

2tan «
tan 200 = ———.
1 —tan® «

By combining (4.21) and (4.26), we have

sin 2« 2 sin « cos «
tan 2a = = —
cos2a  cos? o — sin

=
If we divide both the numerator and denominator by cos? o, we have

2sin
COS (v p—
_sinfa ] _tap?q’
cos? a

By subtracting (4.24) from (4.20), we have

2tan «
tan 2a =

sin(a+3)—sin(a— ) = sin a cos B+cos a sin f— (sin a cos B—cos asin )
= 2cosasin 3. (4.27)

Similarly, by adding the two identities (4.20) and (4.24), we have
sin(a + B) + sin(a — 8) = 2sin« cos S. (4.28)

By introducing new notations A = a+ 3, and B = o — 3, we have after
simple addition and substraction

a:AJFTB, g=4=8 (4.29)

The above identities (4.27) and (4.28) now become

A+B . A-B
sin A — sin B = 2 cos ; sin 5 (4.30)

and A+B A-B
sin A 4 sin B = 2sin ; cos ; : (4.31)
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The formula for the addition of two angles can be used to derive a
general expression

Acosf + Bsinf = Rcos(6 — 1), (4.32)
for any 6 and constants A and B. From (4.25), we know that
cos(f — 1) = cosf cost) + sin @ sin ). (4.33)
Multiplying both sides by R, we have
Rcos(0 — ) = (Rcosp) cosf + (Rsin ) sin 6. (4.34)
By comparing with the original equation (4.32), we have
Acosf + Bsinf = (Rcos)) cosf + (Rsin) sin 6. (4.35)
This must be true for any 6, so we have
A = Rcos, B = Rsin. (4.36)
Taking squares and using cos? ¢ + sin? ¢ = 1, we have
A% + B? = R?cos® 1) 4+ R%sin® ¢ = R?(cos? ¢ +sin?¢)) = R?, (4.37)

which gives
R=+/A? + B2. (4.38)
Here we have only used the positive root as R is conventionally consid-

ered as the amplitude of the variations.
By taking the ratio of B and A, we have

B Rsiny
i = 4.
A" Reost tan ), (4.39)
or B
— -1 =
1) = tan 1 (4.40)

4.1.2 Sine Rule

The sine rule is important in trigonometry as it provides the relation-
ships between the three sides and their corresponding angles. The
height h in the triangle shown in Fig. 4.7 can be calculated using

h =bsin A, or h=asinB, (4.41)

depending which right-angled smaller triangle you are using. The com-
bination of the above two formulae leads to

a b

_ = 4.42
sinA sinB ( )

bsin A =asin B, or
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Figure 4.7: Derivation of the sine rule.

Applying the same argument to other perpendicular heights, we can

obtain
b c

sinB _ sinC’
Combing the above equations, we have the sine rule

(4.43)

a b ¢
sinA  sinB  sinC’
This rule makes it easier to determine all other two sides very easily
once the length of a side and two angles are given in a triangle.
On the other hand, if one angle and its two sides are given, it is
easier to use the cosine rule to determine the rest quantities of the
given triangle.

(4.44)

4.1.3 Cosine Rule

In order to derive the cosine rule, we refer to the same triangle in
deriving the sine rule, but now we put it in a Cartesian coordinate
system shown in Fig. 4.8. Now the coordinates are (0,0), (¢,0) and
(bcos A, bsin A). The length a is simply the Cartesian distance between
points A and B. We now have

a® = (bcos A—c)*+ (bsin A—0)? = b% cos? A+c? —2bccos A+ b*sin® A

= b%(cos? A +sin® A) + ¢* — 2bccos A. (4.45)
By using sin? A + cos? A = 1, we finally obtain the cosine rule
a® = b* 4 ¢ — 2bccos A. (4.46)

Similarly, by proper permutation using the same argument, we have
b? = +a® — 2cacos B, & =a® +b* —2abcosC. (4.47)

By rearranging the cosine rule, we can obtain the formulae to de-
termine the angles of a triangle once the lengths of the three sides are
given. We have

b2 +c? —a? 2 +a?—b?

A=2TC70 p=2"r"7 4.4
cos 5he , cos 5en , (4.48)
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C(bcos A,bsin A)

B(c,0)

Figure 4.8: Derivation of the cosine rule.

and
a? 4+ b2 — 2

4.4
2ab (4.49)

cosC =

Example 4.5: In the triangle shown in Fig. 4.7, we have the angle
A = 60°, and two sides b = 2 and ¢ = 4. Now we try to determine the
other two angles and a. First, using the cosine rule, we have

1
a? =b?+c?—2bccos A = 22442 —2x2x4cos60° = 4—1—16—165 =12,

or a = +/12. In order to determine the angle B, we can use (4.48)

A +a?-v 4%+ (V12)2 -22 3 3
cos B = = = ="
2ca 2 x4 x /12 23 2
which gives

B = cos = 30°.

V3

2
Thus, the other angle is C' = 180° — A — B = 90°. This means that it is
a right-angled triangle.

4.2 Spherical Trigonometry

Spherical trigonometry is more commonly used in earth sciences and
astronomy. Compared to plane trigonometry, spherical trigonometry
is more complicated. Here we will give a brief introduction and high-
light the most important concepts without providing proof. Interested
readers can refer to more advanced books on spherical geometry.

In plane geometry, we often think that between any two different
points there exists a straight line which is the shortest; however, in
spherical geometry, the concept of lines has to be changed. The shortest
distance connecting any two points on a sphere is a portion of a great
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Figure 4.9: Great circles and spherical triangles.

circle, where a great circle is a circle on the sphere such that it divides
the sphere into two equal parts in area, and the centre of the great
circle is always the centre of the sphere.

For example, if we consider the Earth as a perfect sphere, then the
lines of longitude and the equator are great circles. On a plane, two
parallel lines will not meet, while on a sphere, any two lines will meet
at two points.

A spherical triangle is formed by three great circles (see Fig. 4.9),
and its three corresponding angles LA, /B and ZC on the sphere are
the angles formed by these great circles. These angles are dihedral face
angles. In plane trigonometry, the sum of all the three internal angles
of a triangle is always 180° or m; however, in spherical trigonometry
the sum of the three angles of a spherical triangle is always greater
than 180°. In fact, the area S of a spherical triangle AABC can be
calculated using

TR?
S=——(A+B+C—-180°), (4.50)
180°
where R is the radius of the sphere, and the angles are in degrees.

In plane geometry, a triangle is a polygon with the smallest number
of sides. There is no two-sided closed shape. But on a sphere, a lune
is a two-sided shape formed by two great circles. As the total surface
area of a sphere is 47R?, it is convenient to define the solid spherical
angle of a sphere as 47 or 720°.

For a spherical triangle, there are other important angles, called
trihedral angles «, 3, and 7 formed by three half lines radiating from
the centre O of the sphere (see Fig. 4.10). Since the radius R of the
sphere is fixed, the length or distance of the edges of a spherical triangle
are often expressed in terms of the trihedral angles, and the real length
can be calculated by multiplying by R. The sine rule for a spherical
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Figure 4.10: A spherical triangle and its angles.

triangle can be written as

sina sinb sine¢
— — . 4.51
sinA sinB sinC (4.51)
The first law of cosines for trihedrals is
cos o = cos (3 cosy + sin (3sin vy cos A. (4.52)

Other formulae for other angles can be written by proper permuta-
tion of the angles. Sometimes, the first law of cosines is also written in
terms of the three sides

cosa = cosbcosc + sin Fsin ccos A. (4.53)
The second law of cosines is given by
cos A = — cos B cos C + sin Bsin C cos «, (4.54)

and others can be written in similar forms. When the angle C' = 90°,
the triangle becomes a right spherical triangle. Since sin90° = 1 and
c0s90° = 0, the above second law of cosines becomes cos A = — cos B x
0+ sin B x 1 x cosa = sin B cos a.

4.3 Applications

4.3.1 Travel-Time Curves of Seismic Waves

Similar to light, seismic waves obey Snell’s law when refracted at the
interface of two layers with different velocities and densities. This is
true for both P-waves and S-waves. However, things are slightly more
complicated as there is a mode conversion for seismic waves. That is,
an incident P-wave will generate both P- and S-waves at the interface,
so is the case for an incident S-wave. The angle of reflection of the same
wave type will be equal to the angle of incidence. So for an incident
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Figure 4.11: Snell’s law for seismic waves at the interface of two
different layers.

P-wave, its angle of reflection 03p = 0; (see Fig. 4.11). However, for
the generated S-wave, the angle of reflection 65 is related to 6; by

sinf;  sinfsg

(4.55)

Up1 Us1

Since P-waves travel faster than S-waves (vp1 > wg1), the angle of
reflection of an S-wave is smaller than that of a P-wave. That is 055 <
O2p = 0;.

The angle of refraction v p for the P-wave and the angle of refraction
1s for the S-wave can be related to 6; by Snell’s law

sin 6; vp1 sin 6; vp1
sinyp  vpg’ sings  vg

(4.56)

Since the speeds of P-waves and S-waves are different, P-waves and
S-waves will in general have different angles of refraction.

If the angle of incidence (6) increases, the angle of refraction (v)
will also increase. The critical angle 6. occurs when ¥ = 90°. In this
case, sinty = 1, which means the refraction wave will travel along the
interface. For a P-wave, we now have

sinf, = 11, (4.57)
vp2
or
0, = sin— (L1, (4.58)
vp2

This is possible only if vp; < vps. The critical angle for an S-wave can
be defined in a similar manner.

For simplicity in the rest of our discussion, we will focus on P-waves
only. The simplest setting for seismic P-waves reflected in a layer over
a half-space is shown in Fig. 4.12. The thickness of the layer is h with
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Figure 4.12: Offset and moveout of reflected P-waves.

a constant P-wave speed of v. The reflection time tq is the time taken
for the reflection with the normal incidence 6; = 0. We have

to= —. 4.59
0= (4.59)
The distance between the source (S) and a receiver (R) is called the
offset z. In addition, the direct travel time for a P-wave travelling from
S along the surface to R is simply

X
= —. 4.
tq " ( 60)

The reflection time T'(x) is the time taken to travel from S to O
and from O to R. The total distance is d =SO+OR= 20R. Using
Pythagoras’ theorem, we have OR= /h? + (2/2)2. Now we have

d 2k +22/4  VAh2 4 a?

T = 4.61
v v v ( )
Taking the square of both sides and using 2h = wvty, we have
2o 7
T =15+ ol (4.62)
Defining the normal moveout At =T — ty, we have
22
At =T —to =\/1§ + — — to, (4.63)
v

which is essentially a hyperbola of moveout versus offset as shown in
Fig. 4.13.

4.3.2 Great-Circle Distance

As an application example, now let us try to calculate the distance d
between Cambridge University (Cambridge, England) and MIT (Cam-
bridge,USA). We know that Cambridge, England is at P(52.21° N,
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Figure 4.13: A hyperbola of moveout against offset.
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Figure 4.14: Distance between two cities.

0.12°W), and Cambridge, USA is at Q(42.37° N,71.11° W) schemati-
cally shown in Fig. 4.14) with a point S at the north pole so that PQS
forms a spherical triangle by three great circles. Now we assume that
the Earth is a perfect sphere. The distance or angle of SP is SP =
90° — 52.21° = 37.79°. Similarly, we have SQ = 90° — 42.37 = 47.63°,
and the angle

a=/QSP ="7111°—-0.12° = 70.99°. (4.64)
Using the cosine rule, we have
cos PQ) = cos SQ cos SP + sin SQ sin S P cos «

= c0s47.63° cos 37.79° + sin 47.63° sin 37.79° cos 70.99° = 0.6800,

which gives PQ = cos™! 0.6800 = 47.15°. Using the radius of R = 6400
km, we have the distance

PQr 6400 x 47.15 x 3.14159
180 180

which is about 3290 miles.

d=Rx

~ 5267 km, (4.65)

4.3.3 Bubbles and Surface Tension

Soap bubbles and many relevant fantastic phenomena exist due to sur-
face tension. Bubbles are spherical because a sphere is the geometry
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Figure 4.15: Bubble pressure and surface tension.

with a minimum energy at equilibrium. For a given liquid with the
interfacial or surface tension -y, we can estimate the pressure differ-
ence between the pressure p inside a bubble with a radius r and the
ambient pressure p, outside the bubble (see Fig. 4.15). Imagine that
we consider only half of the bubble; the total force is the product of
the pressure difference p — p, and the cross section area 772, that is
F = (p — pa)7r?. This force must be balanced by the force due to
surface tension, that is 7 = 2L where L = 2nr is the circumference
of the circle, and the factor 2 comes from the fact that there are two
surfaces or interfaces (inside and outside). Therefore, we have F' = 7,
or

(p — pa)mr® = 2y(277), (4.66)
which leads to 4
Y
P—=DPa= T (467)

In the case of a water droplet (such as a dew drop) and a bubble
inside liquid magma, there is only one interface, and the above formula
becomes

—_ a — —. 4.
p—Dp . (4.68)

This pressure difference is also called Lagrange pressure.

For example, the surface tension of water is v = 72 x 1072 N/m at
room temperature. A bubble of size r = 0.1 mm = 0.1 x 1073 m will
have a pressure difference

_4xT72x107°

P —DPa = 0Ix10% 1440 Pa ~ 0.0144 atm, (4.69)

where we have used 1 atm = 1.01325 x 10° Pa.

Surface tension is also responsible for a phenomenon called capillary
action, which is the adhesion of the liquid to the walls. The height A of
the capillary action is related to surface tension v (see Fig. 4.16). The
whole weight of the liquid column inside a cylindrical tube is supported
by the action of adhesion force due to surface tension. The weight of
the column is W = pgV where V = 7r?h is the volume, while the
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Figure 4.16: Capillary pressure and contact angle.

adhesion force is F, = L~ is the product of the circumference (along
the wall) L = 27r and the surface tension + (force per unit length). At
equilibrium, we have F, = W or 27ry = pg(mr?h), leading to

ho 2 (4.70)
pgr
For example, for a tube with a radius R = 0.1 mm = 10~% m, the height
of the water column due to the capillary action can be estimated. Using
the typical values of v = 72 x 1073 N/m, p = 1000 kg/m?, and g = 9.8
m/s?, we have h = % ~ 0.15 m or 15 cm high.
Since the pressure is p = pgh, the above equation can also be ex-
pressed as the capillary pressure p.

2
pe = pgh = % (4.71)

This is similar to equation (4.68).

The tension between liquid and gas, called interfacial tension, will
usually result in a curved surface inside the tube so that a contact angle
0 is formed between the tangent of the liquid surface and the solid
wall. If we use detailed and rather complicated mechanical analysis,
the capillary pressure should be modified slightly as p. = 2y cos/r.

Another important link is the relationship between the capillary
pressure and the degree of saturation in porous media. In this case,
the capillary pressure p,. is the difference of the pressure between non-
wetting phase p, and the pressure of wetting phase p,,, that is p. =
Dn — Py which is a monotonically decreasing function f(.S) of the ef-
fective water saturation S. For example, the van Genuchten empirical
relationship can be expressed as

F(8) =po(S~* = 1)/, (4.72)

where pg is a constant, and A\, n > 0 are two parameters that are related
to the pore size distribution. Typically A =1 ~ 4 and n = 0.9 ~ 10.
The actual relationship is far more complicated with hysteresis.



Chapter 5

Complex Numbers

In the real world, all quantities are real numbers. However, sometimes
it is more convenient to do mathematical analysis using complex num-
bers, especially for solving differential equations. In addition, we can
also find the interesting links between the trigonometrical functions
and hyperbolic functions using complex numbers. We will explain such
links in detail in this chapter. Furthermore, we will apply hyperbolic
functions to study the variations of wave velocity under various condi-
tions, which can be applied to tsunami, shallow water waves and deep
water waves.

5.1 Complex Numbers

When we discuss the square root in quadratic equations, we say the
square root of a negative number, for example \/—1, does not exist
because there is no number whose square is negative (In fact, for all
real numbers x, 22 > 0). Well, this is only true in the context of real
numbers. Such limitations mean that the system of real numbers is
incomplete, as the mathematical operations of numbers, including NE
could lead to something which does not belong to the number system.

5.1.1 Imaginary Numbers

A significant extension is to introduce imaginary numbers by defining
an imaginary unit

i=v—-1, i?=(/-1)?%*=-1. (5.1)

This is a seemingly simple step but it may have many profound con-
sequences. It is worth pointing out that i is a special notation, so you

cannot use i = (v/—1)? = /(—1)2 = /1 = £1 because this may lead

67
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to some confusion. To avoid such possible confusion, it is better to
think of ¢ as y/— or the imaginary unit, so for any real number a > 0

V—a=+/(-1) xa=+V-1Va=iVa. (5.2)

For example, v/—2 = iv/2 and /—25 = i5 = 5i (often we prefer to
write numbers first followed by 7).

Example 5.1: The imaginary number ¢ follows the same rules for
mathematical functions defined in the real-number system. For example,
we can calculate the following

B =i%i=—li=—i, *=(?)?*=(-1)? =1, P=iti=i

and thus

’i50 — ’i4X12+2 — (’i4)12

and

ilOl — 7;4><25+1 — Z

So the best way to estimate such an expression is to try to write exponents
in terms of the multiple of 4 (as close as possible). To simply use odd or
even exponents is not enough, and often leads to incorrect results.

You might ask what v/i or i'/2 is? Of course, we can calculate it,
but we have to define the algebraic rule for complex numbers. Be-
fore we proceed to do this, let us try to represent complex numbers
geometrically.

Another way of thinking of a complex number is to represent it
as a pair of two numbers x and y on a complex plane (see Fig. 5.1),
similar to the Cartesian coordinates (x, y) where each point corresponds
uniquely to an ordered pair of two coordinates (real numbers), but with
a significant difference. Here the vertical axis is no longer a real axis; it
becomes the imaginary axis iy-axis. Similarly, a point on the complex
plane corresponds also uniquely to a complex number

z=a+bi, (5.3)

which consists of a real part a and an imaginary part bi. This also
means that it corresponds to an ordered pair of real numbers a and
b. For a given z = a + bi, the real part is denoted by a = R(z) and
imaginary part is denoted by b = (2).

Now we can define the mathematical operations of the two complex
numbers z1 = a + bi and 25 = ¢ + di. The addition of two complex
numbers is carried out by adding their real parts and imaginary parts
respectively. That is

(a+bi)+ (c+di) = (a+c)+ (b+d)i. (5.4)
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Figure 5.1: Complex plane (or Argand diagram), argument or
angle and modulus.

Similarly, the subtraction is defined by
(a4+bi)—(c+di)=(a—c)+ (b—d)i. (5.5)

Two complex numbers are equal if, and only if, their real parts and
imaginary parts are equal, respectively. That is, z; = 2o if, and only
if, a = cand b =d.

The multiplication of two complex numbers is carried out similarly
to expanding an expression, using i = —1 when necessary

(a+bi) - (c+di)=a-(c+di)+bi-(c+ di)
= ac + adi + bei + bdi® = (ac — bd) + (be + ad)i. (5.6)
The division of two complex numbers

a+bi  (a+bi)- (c—di)

c+di  (c+di)-(c—di)

— ) ) — 2 -
_ ac—adi+ bcz. bdi (ac + bd) + (be ad)i’ (5.7)
2 _ J2i2 (02 + d2) (02 + d2)

where we have used the equality (z +y)(x —y) = 22 — 2.

Example 5.2: Now let us try to find Vi. Let z = a+ bi and 22 = 4,
we have
(a+bi)> = (a — b) 4+ 2abi =i = 0 + 1.

As two complex numbers, here (a — b) + 2abi and 0+ i, must be equal on
both sides, we have
a—b=0, 2ab = 1.

The first condition gives a = b, and the second gives
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Figure 5.2: Complex conjugate and reflection.

Therefore, we have

The complex conjugate z* of a complex number z = a+bi is defined
by changing the sign of the imaginary part

2" =a—bi, (5.8)

which is the reflection in the real axis of the original z (see Fig. 5.2).
The definition also leads to

()" =(a—bi)* =a+bi=z (5.9)

5.1.2 Polar Form

From Fig. 5.1, we can also represent a complex number as a polar form
in terms of an ordered pair (r,6). From basic trigonometry, we know
that

. b _a
sin(f) = - cos(f) = ot (5.10)
or
a = rcos(f), b = rsin(h), (5.11)

where 6 is the argument or the angle of z, and r is the modulus or
magnitude of the complex number z = a + bi, which can be obtained
using Pythagoras’ theorem

r=|z| = Va?+ b2 (5.12)

For any given z = a + bi, the angle 6 is given by

0 = arg(z) = tanfl(g), (5.13)
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where we only use the range —m < 6 < m, called the principal values.
Thus, the same complex number can be expressed as the polar form

z =a+ bi =rcos(f) + irsin(h). (5.14)
Sometimes, it is also conveniently written as the exponential form
z =re" = r[cos() + isin()], (5.15)
which requires the Euler formula
e = cos() + isin(h). (5.16)

The proof of this formula usually involves the expansion of infinite
power series, and is beyond the scope of this book.

An interesting extension is to replace 8 by —6 in Euler’s formula;
we have

e = cos(—0) + isin(—0) = cos(f) — isin(6). (5.17)
Adding this to the original formula (5.16), we have
e + €7 = [cos(f) + cos()] + i[sin(h) — sin(h)] = 2cos(d), (5.18)
or _ _
620 _|_6719
2

If we follow the same procedure, but subtract these two formulae, we
have

cos(f) = (5.19)

e —e€

e —e7"% = [cos(6) —cos(#)] +2sin(f)i, or sin(d) = 5
i

. (5.20)
The polar form is especially convenient for multiplication, division,
exponential manipulations and other mathematical manipulations. For

example, the complex conjugate z = re' is simply 2* = re~%.

Example 5.3:  For example, for two complex numbers z; = r1e*t and
29 = r9e'¥2 | their product is simply

Z120 = 11600 X roet?? = pypyet(f1102)

Their ratio is »
2 et 1 i(1—62)

zo  Toe¥2 gy

0

Furthermore, for z = re'®, we have

2" = (re®)" = r"(e")" = r"[cos(6) + isin(h)]".
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Also using Euler's formula, we have
2" = ()" = r"ei™® = " [cos(nf) + i sin(nb)].
Combining the above two equations, we have
[cos(0) + isin(0)]" = cos(nb) + isin(nh),

which is the famous de Moivre's formula.
If we now revise the previous example, we have n=1/2

Vi=i? = [cos(g) +isin(g)]1/2 = cos% + isin(%) =

The real functions such as logarithms can be extended directly to
the functions of complex numbers. For example, we know from Euler’s
formula when 6 =«

e'™ = cos(m) +isin(r) = —1+0i = —1. (5.21)
If we use the logarithm definition, we should have
im =log,(—1) = In(—1). (5.22)

When we discussed log(z), we assumed that z > 0. Now we can see
that x < 0 is also valid, though its logarithm is a complex number.

5.2 Hyperbolic Functions

Hyperbolic functions have many similarities with trigonometrical func-
tions, and are commonly used in mechanics and earth sciences.

5.2.1 Hyperbolic Sine and Cosine

The hyperbolic sine and cosine functions are defined as

T _ - T —x
sinhx = %, coshx = %, (5.23)

where z is a real number. If we replace x by —z, and substitute it into
the above definitions, we have
e —e (58 _[e® — 7]

sinh(—z) = 5 = 5 = —sinhz, (5.24)

and o)
cosh(—z) = ¢ +2€ = ;6 = coshz. (5.25)
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cosh(z)

Figure 5.3: Graphs of sinh(z) and cosh(z).

This suggests that sinhz is an odd function while coshz is an even
function. Their graphs are shown in Fig. 5.3.

If we replace xz by iz in the hyperbolic cosine function, we know
from (5.19) in our earlier discussion that

el.’II + e—l.’ﬂ elil) _ e—'LI

cosh(iz) = 5 = cosz, sinh(iz) = 5 =isinz, (5.26)

where we have used sinz = (e* — ¢7%)/2 from (5.20). Other hyper-
bolic functions are defined in a similar manner to the ratio of the basic

hyperbolic sine and cosine functions. For example, we have the hyper-
bolic tangent tanhz = S2be — e —¢ = and coth « = 1/tanhz, sech
sh x er+e

2 =1/ coshz, and cosech = 1/sinhz.

5.2.2 Hyperbolic Identities

The hyperbolic functions also have similar identities to their trigono-
metrical counterparts.

Example 5.4: In order to prove cosh? z — sinh? z = 1, we start from
cosh? 2 — sinh? = (cosh z + sinh ) (cosh # — sinh )

ef+e® ef—e T ef4+e™ ef—e% 2e*  2e™F

— (L - ) - () -t

This is similar to cos® z 4+ sin®z = 1.

There is a quick way to obtain the corresponding identities from
those identities for trigonometrical functions. Taking the squares of
both sides of (5.26), we have

9 1

cos® & = cosh?(ix), sin” ¢ = = sinh?(iz) = — sinh®(iz).  (5.27)
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sinh(x)

Figure 5.4: Graphs of sinh(x) and sinh™*(z).

This implies that we can replace cos? z by cosh? z and sin? z by — sinh? z
in the identity cos®z + sin?z = 1; we will get the identity cosh? z —
sinh?z = 1 for hyperbolic functions. That is Osborn’s rule for con-
verting identities where we only need to change the sign of any terms
containing the squares of a sine function including tangent (tan) and
cotangent (cot). For example, we can change

2tanf 2tanh
tan 20 = %, into tanh2z = Lﬂ;. (5.28)
1—tan®6 1+ tanh” z

In fact, we can even extend Osborn’s rule further to include cos —
cosh and sin — ¢sinh. For example, from the identity cos(a 4+ 3) =
cos acos 3 — sin asin 3, we have

cosh(a + ) = coshawcosh § — i sinh a X i sinh 3

= cosh a cosh 3 + sinh arsinh 3, (5.29)

where we have used i? = —1.

5.2.3 Inverse Hyperbolic Functions

The inverse of sinh z can easily be obtained (graphically shown in Fig.
5.4) by simply reflecting the graph of sinh z in the line of y = x (dashed
line). Mathematically speaking, we want to find y = sinh ™! 2 such that
sinhy = z. From the identity cosh? y — sinh®y = 1, we have

cosh?y = 1+ sinh?y = 1 4 22, (5.30)
Since coshy = (e¥ + e7¥)/2 > 1 (see Fig. 5.3), the above equation

becomes
coshy = /14 z2. (5.31)

In addition, from the previous example, we know that coshy+sinhy =

Y -y Y_e— Y .« . .
% + “=— = e. After combining the above two equations, we
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now have

V1422 +sinhy = e¥. (5.32)
Using sinhy = z, we have v1 + 22 + x = ¢¥. Taking the logarithm of
both sides, we finally obtain

y =sinh ™z = In[z + /1 + 22]. (5.33)

The inverse of other functions can be obtained in a similar manner.

Example 5.5: In order to get y = cosh™ z or coshy = x, we use
cosh? y — sinh?y = 1,

so that sinh?y = cosh?y — 1 = 22 — 1, which gives sinhy = V22 — 1
where (x > 1). Again using the identity coshy + sinhy = e¥, we have

z+sinhy =2+ Va2 —1=¢".

Taking the logarithms, we now have

y = cosh 'a=In[z + /22 — 1]

where > 1. It is worth pointing out that there are two branches of
cosh™' z, and we have assumed here that cosh™ ' z > 0.

Complex numbers have a wide range of applications as many math-
ematical techniques become simpler and more powerful using complex
numbers. For example, in the discrete Fourier series to be introduced
later in this book, the formulae are simpler when written in the form
of complex numbers.

5.3 Water Waves

Water waves in oceans and lakes are linked to many processes and
phenomena. In most cases, wave forms can conveniently be expressed
as

Y(x,t) = Asin(kx — wt), or Y(z,t) = Acos(kr —wt), (5.34)

where w = 27 /T is the angular frequency of the wave, T is its period,
and A is its amplitude. x is the distance and ¢ is time. Here k = 27/
is the wavenumber where X is the wavelength, and it essentially means
the numbers of waves in a unit length. In this case, the wave speed or
phase speed v is v = w/k.

For water waves, the phase speed or velocity v in most cases is
governed by

v = gA tanh(@
27

). (5.35)
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where h is the water depth, X\ is the wavelength of the waves, and g
is the acceleration due to gravity. This formula suggests that waves of
different wavelengths will travel at different speeds. Waves with longer
wavelengths travel faster than waves with shorter wavelengths.

For the waves in deep waters when the wavelength A is much smaller
than h (or A < h), we have ZZ — o0, and exp[—2f2] — 0. Now we
get

27h P e e -0
t nh( \ ) = ez —n T — 1, (5.36)
X +e X +0

which leads to

P T [
= 271_tanh( 3 )~ o (5.37)

A tsunami is a giant water wave whose wavelength and speed are
constantly changing as it travels towards the shore. In deep ocean
waters, the wave height is typically less than half a metre, but its
wavelength is in the range of 25 km to 50 km. Let us now estimate its
speed in deep water using the typical values of A = 25 km to 50 km (or
2.5 x 10 to 5.0 x 10 meters), g = 9.8 m/s?. We have the phase speed

9.8 25 101
v—y/ = 220X 197 mfs ~ 444 mph,  (5.38)

for A =25 km. For longer Wavelength A = 50 km, its speed is about 630
mph. This means that the first arrival of tsunami waves is always of
long wavelength. As they travel shorewards, their wavelengths become
typically in the range of 1.5 km to 5 km, but their wave heights can
reach up to 30 metres. Their speed can reduce to 230 down to 25 mph.
The total wave energy density E is measured by its amplitude A by
E = é pgA? where p is the density of water. Therefore, a tsunami with
A = 30 m will have tremendous power and could cause a lot of damage
onshore.

In shallow waters where the wavelength A is much longer than the
depth h (that is A > h), we have 27;\h — 0. Using exp(z) = 1+zasz —
0 [see (6.34)] and tanh(z) = (e* —e™%)/(e* +e7 %) = (e2*—1)/(e** + 1),
we have
2nh, -1 (4 -1 B 2nh

=~ ~—. (5.39
- e2F 41 (1+4h) 41 24 AT ) (5.39)

Therefore, the speed of shallow water waves now becomes

gA 27rh \/— (5.40)

o

This simple formula can be used to estimate the water depth in a pond
by dropping a pebble and recording how fast the induced ripples travel.
For example, the ripples in a pond with a depth of A = 0.5 metres will
travel at a speed of v ~ /9.8 X 0.5 ~ 2.2 m/s.

tanh(




Chapter 6

Differentiation

Calculus is important in almost all quantitative sciences. In earth sci-
ences, the calculations of deflection of plates under geological loading,
the heat transfer of magma, and the understanding of the large-scale
structures all use differentiation and integration. In this and the fol-
lowing chapters, we will introduce the fundamentals of differentiation
and integration. We will also demonstrate their application through
a few examples such as the path of a projectile, free-air gravity, and
mantle convection under a constant temperature gradient.

6.1 Gradient

The gradient of a curve at any point P is the rate of change at that
point, and it is the gradient of the tangent to the curve at that point.
We know geometrically what a tangent means, but it is not easy to draw
it accurately without calculations. In order to find the true gradient
and the tangent, we normally use some adjustment points and try to
use the ratio of the small change in y, 0y = yg — yp to the change in
x, 0x = v — xp to approximate the gradient. That is to say, we use

oy _ v —vp (6.1)
dx  xo—TP

to estimate the gradient. As @ is closer than R to P, thus the gradient
estimated using P and @ is better than that using P and R (see Fig.
6.1). We hope that the estimate will become the true gradient as the
point @ becomes very, very close to P. How do you describe such
closeness? A simple way is to use the distance h = dz = PS = 2g —ap
and let h tend to zero. That is to say, h — 0.

Since we know that the point xp = a, its coordinates for the curve

23 are (a,a®). The adjustment point @ now has coordinates (a+h, (a+

77
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0

e

Figure 6.1: The tangent and gradient of a curve with
h=PS=xq —xp.

h)?). Therefore, the gradient at point P becomes

oy _ (a+h)®—d®

= 6.2
ox h (62)
Since (a + h)? = (a® + 3a®h + 3ah?® + h?), we now have
5 3 2 2 p3y_ 43
y _ (a°+3a°h+3ah”+h°) —a 307 4 3ah 4 B2 (6.3)

ox h
Since h — 0, and also h? — 0, both terms 3ah and h? will tend to zero.
This means that the true gradient of 22 at x = a is 3a2. Since x = a is
any point, so in general the gradient of 23 is 3x22.

Now let us introduce a more formal notation for the gradient of any
curve y = f(x). We define the gradient as

_dy _df@) )~ )

’ _ 4y _ _
Fle)y=g,=" ~ o h

(6.4)

The gradient is also called the first derivative. The three notations
f'(z), dy/dz and df (z)/dx are interchangeable.

Conventionally, the notation dy/dx is called Leibnitz’s notation,
while the prime notation ’ is called Lagrange’s notation. Newton’s dot
notation § = dy/dt is now exclusively used for time derivatives. The
choice of such notations is purely for clarity, convention and/or personal
preference.

In addition, here the notation ‘lim’ is used, as it is associated with
the fact that A — 0. The limit can be understood that for any 0 < h < 1
where h is much less than 1 and infinitesimally small, then there always
exists another even smaller number 0 < € < h so that we can find a
better estimate for the gradient using e.
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Figure 6.2: The gradients of a family of curves y = 2° —z + k
(where k = 0,41) at = 1 are the same 32> — 1.

From the basic definition of the derivative, we can verify that such
differentiation manipulation is a linear operator. That is to say that for
any two functions f(x), g(z) and two constants « and 3, the derivative
or gradient of a linear combination of the two functions can be obtained
by differentiating the combination term by term. We have

[af (z) + Bg(@)] = af'(x) + By (x), (6.5)
which can easily be extended to multiple terms. Furthermore, if k is a
real constant, then its derivative is zero. For example, if we have

diz® —z+k) d@®) do  dk

dx T dx _@+%_

322 —1+0=322-1, (6.6)

which means that for a family of curves shifted by a constant k, the
gradients at any same point (say x = 1) are all the same, and the
tangent lines are parallel to each other (see Fig. 6.2).

Example 6.1: To find the gradient f(x) = 2™ where n = 1,2,3,4, ...
is a positive integer, we use

h—0 h h—0

Using the binomial theorem

and the fact that

()=1 ()= () =" () = moa () =
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we have

(n—1)

(x+h)" — 2" = (" +nz""'h + & 51 "2 4 L A — 2"

(n—1)

:nx"71h+n o 2" 2R+ .+ A"

Therefore, we get

n—1p n(n—1) n—2p2 hn

-1
Do),
2!
Since h — 0, all the terms except the first (nz" 1) will tend to zero. We

finally have

= lim [nac"*1 +
h—0

f(z) = na"t

In fact, this formula is valid for any integer n = 0, +1, £2, ....

It is worth pointing out that the limit limj_,¢ must exist. If such a
limit does not exist, then the derivative or the gradient is not defined.
For example, the gradient of a rather seemingly simple function f(x) =
|z| where |2| means the absolute value of f'(x) does not exist at x =0
(see Fig. 6.3). This is because we will get different values depending on
how we approach = 0. If we approach h — 0 from the right (A > 0)
and use the notation h — 07, we have

[l —10] _

h
oty — 1; AR N 3 — = 1i =
f1(oM) = hhmm - = hhr(r)lJr . hhr& 1=1. (6.7)

However, if we approach from the left (h < 0), we have

h—0-  h A hli%lf Th - hli%l* =t (6.8)
The correct definition of the derivative should be independent of the
way we approach the point using h — 0. In this case, we say, the
gradient or derivative at * = 0 does not exist.

We can obtain the derivative of any function from first principles.
For example, we now try to derive d(sinx)/dz. But before we can do
this, we have to derive a formula for a small angle § when 8 — 0.

For simplicity, we now refer to Fig. 6.4. In the case when OA=1, we
have AB=tan 0. Since OA=0P= 1, the area of the triangle OAP is half
of the product of the base OA=1 and the height h = 1 x sin 6, which

is simply %sin 6. The area of a circle is 7r?, and the area of a sector

2w O = T x %7’20 where 6 is in degrees. If we

of 0 degrees is 7r 3605 T30°
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f(z)=]x|

h—07| 0Th

Figure 6.3: Limit and thus the derivative at = 0 is not defined.

P B

0 i
O A

Figure 6.4: Small angle § — 0 for OA=1.

simply use 6 in radians with OA=1, the area of a sector OAP becomes
%9. The area of triangle OAB is % x 1 x tanf. From the geometrical
point of view, we also observe that the area of triangle OAB is larger
than the area of the sector OAP (of a circle with a radius r = 1=0A),
which in turn is larger than the area of the triangle OAP. Therefore,
we have

1 1 1
By multiplying by 2 and using tan 8 = sin 6/ cos 6, we get
sin 0
>0 > sinb. 6.10
cosf - ( )

Though 6 is small but not zero, we can divide each term by sinf, we
obtain

Lo % oy (6.11)
cosf = sinf ' ’
As 0 — 0, cosf — 1, we have 1 > sifl@ > 1, as § — 0. That is to say,
0 sin 6
lim — =1 lim — = 1. 6.12
60 sin 0 ’ s g ( )

Example 6.2: In order to obtain the derivative of f(z) = sin(z), we
now use the definition

;o . sin(w+h)—sinz
() = fim, h
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From the formula (4.30), we know that

[(z+h)+a] . [(z+h) -2

sin(x 4+ h) —sinz = 2 cos 3 sin 3
2 cos( +h) .
= 2cos(x + =) sin —.
2 2
We have
2cos(z + L) sin 2 h sin 2
f'(x):llii% ( h2) 2 :}lbiir%)cos(x—l—i) %2
Using
< h
0y 02 i ‘ o
}lllirb — =1, hlg%)cos(x+§)—c05x,

2
we finally have
d(sin z)
) —

Following the same procedure, we can also derive that

— COS .

d(cos )
dz

= —sinx,

which is left to the reader.

This example demonstrates that even if we are able to calculate the
derivative using first principles, it is usually not the best way to do
so in practice. The good thing is that we only have to do it once to
understand how it works. For more complicated functions, we should
use certain rules, such as the chain rule. Even better, we can sometimes
use tables or mathematical software packages.

6.2 Differentiation Rules

We know how to differentiate 23 and sin(z), and a natural question is
how we can differentiate sin(2®)? Here we need the chain rule. The
trick to derive the chain rule is to consider dx and dy (and other similar
quantities) as infinitesimal but non-zero quantities or increments dx and
0y so that we can divide and multiply them as necessary. In the limit
of éx — 0, we have dz — dx and dy/dx — dy/dz. If f(u) is a function
of u, and u is in turn a function of =, we want to calculate dy/dx. We
then have

dy dy du
222 (6.13)
or dffu(@)] _ df(w)  du(z) (6.14)

dx du dz
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This is the well-known chain rule.

Example 6.3: Now we come back to our original problem of differen-
tiating sin(z3). First we let u = 23, we then

d(si 3 d(si d 3
(51;1(:1: ) — <S;n u) . di = cosu - 322 = 32 COS(I?’).
T U £

As we practise more, we can write the derivatives more compactly and
quickly. For example,
d(sin™(x))
dx

=nsin" " (z) - cosz,

where we consider sin"(z) to be in the form of 4™ and u = sin(x).

A further question is if we can differentiate x° sin(x) easily, since we
already know how to differentiate 2° and sin = separately? For this, we
need the differentiation rule for products. Let y = uv where u(z) and
v(x) are (often simpler) functions of z. From the definition, we have

dy _ d(uv) — lim u(z + h)v(x + h) — u(m)v(w)

dz dx R0 h (6.15)

Since adding a term and deducting the same term does not change an
expression, we have

u(x + h)v(x + h) — u(z)v(z)
h

=0

_u(x 4+ h)v(z + h) —u(z + h)v(z) + u(z + h)v(z) —u(z)v(z)
h

— (e + 2T h})L i) S ClC R hf)L —uol - (ea6)

In addition, u(x + h) — u(z) as h — 0, we finally have
() ol + 1)~ o)) et )~ ()

= 1i
e +h) h (@) h
dv du
S 1
U +de’ (6.17)
or simply
(uwv) = wv' +vu'. (6.18)

This is the formula for products or product rule. If we replace v by
1/v =v~! and apply the chain rule
-1 dv 1 dv

d(v=1) _
—F =1 — = ——— 1
dz xv x dz v2 dz’ (6.19)



84 CHAPTER 6. DIFFERENTIATION

we have the formula for quotients or the quotient rule

_ d d
A8 _dow ) e e v el
dx dx v2dx dx v?
Now let us apply these rules to differentiating tan x.
Example 6.4: Since tanz = sinx/cosz, we have u = sinz and

v = cosx. Therefore, we get

L .dsinz s dcosx . .
d(tan x) _ coszhg sinz ™G+ coswcosz —sin X (—sinx)
dx cos? x cos? x
cos? z + sin? 1
cos? x cos?z’

Sometimes, it is not easy to find the derivative dy/dz directly. In
this case, it is usually a good idea to try to find dz/dy since

@_ dx

=1/= 21
dz dy’ (6.21)

or carry out the derivatives term-by-term and then find dy/dz. This is
especially the case for implicit functions. Let us demonstrate this with
an example.

Example 6.5: To find the gradient of the curve
sin® z 4+ y* — 2y = 37,

at the point (0, 1), we first differentiate each term with respect to z, and
we have
dsin®z  dy* d(2y) de3®
dx dz de ~ dz’

or
. 3dy dy
2 4y =% — 2= = 3e3*
sin x cos(x) + 4y Iy Ir e,
where we have used the product rule
du  du dy
de dy dx’
so that u = y* gives
d_y4 — 4y3@
dx dx’
After some rearrangement, we have
d
(4> — 2)—y =3¢ — 2sinz cos,

dxr
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or .

dy 3e3* — 2sinx cosx

de (4y3 —2)
Therefore, the gradient at x = 0 and y = 1 becomes

dy  3e3*0 -2 xsin0 x cos0 3

dr 4x13 -2 )

The first derivatives of commonly used mathematical functions are
listed in Table 6.1, and the derivatives of other functions can be ob-
tained using the differentiation rules in combination with this table.

Table 6.1: First Derivatives of common functions.

/ /
f(@) f'(z) f(@) f'(z)
z" nx™ 1 e’ e*
x x 1
a a*Ina (a>0) Inz = (m>0)
sin CcoS T Ccos T —sinx
tan x 1+ tan?zx sec sec T tan x
log, = L tanh z sech®z
X xlna .
sinh x cosh x cosh x sinh x
-1 1 -1 —1
sin” " Wiri cos™ Niver=2
tan"!z L sinh !z L
1422 241
—1 1 -1 1
tanh™ T cosh™ =z ——

The derivative we discussed so far is the gradient or the first deriva-
tive of a function f(x). If we want to see how the gradient itself varies,
we may need to take the gradient of the gradient of a function. In this
case, we are in fact calculating the second derivative. We write

PH@) _ iy = 4 (df @)) . (6:22)

dx? dx \ dx
Following a similar procedure, we can write any higher-order derivative
as
Ef@) d(f"(x))
= =2 . 6.23
dx3 (@) de ( )

For example, f(z) = 23, we have f/(z) = 322, f"(x) = d(32?)/dz =
3 x 2x =6z, f"(x) =6 and f”"(x) = 0. It is worth pointing out that
dy?

. . . . d? d? . .
notation for the second derivative is =%, not %% or $% which is wrong.

6.3 Partial Derivatives

For a smooth curve, it is relatively straightforward to draw a tangent
line at any point; however, for a smooth surface, we have to use the
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tangent plane (see Fig. 6.5). For example, we now want to take the
derivative of a function of two independent variables x and y, that is
z = f(z,y) = 2% + y2/2. The question is probably ‘with respect to’
what? x or y? If we take the derivative to z, then will it be affected by
y? The answer is we can take the derivative with respect to either x or
y while taking the other variable as constant. That is, we can calculate
the derivative with respect to x in the usual sense by assuming that
y = constant. Since there is more than one variable, we have more
than one derivative and the derivatives can be associated with either
the x-axis or y-axis. We call such derivatives partial derivatives, and
use the following notation

%:af(xay):f :g — lim f(m—&-h,y)—f(ﬂmy)
or —  Ox "7 Oxly hooy=const h ’
(6.24)
The notation %hj emphasises the fact that y = constant; however,

we often omit |, and simply write % as we know this fact is implied.

Similarly, the partial derivative with respect to y is defined by

9z _ 0f(z,y) o) _ @y +k)—flzy)

- =5 = Oy lz z=const,k—0 k

dy oy

. (6.25)

Then, the standard differentiation rules for univariate functions such
as f(x) apply. For example, for z = f(x,y) = 22 + 32/2, we have

of  dx?
_ = — = 2
Ox dz +0 *

and g—J; =0+ % = % x 2y = y, where 0 highlight the fact that
dy/dx = dz/dy = 0 as = and y are independent variables.

Other than considering the other variable to be a constant, all the
differentiation rules are the same. Let us look at a more complicated
example by using the chain and product rules.

Example 6.6: For z = f(x,y) = sin(zy?) + 22y sinz + y° cosz, we
first calculate f, while thinking y = constant, and we have
_of _ 2 2 . 2 5.
fo= e cos(zy?) X y* + y(2zsinx + z° cosx) + y°(— sinx)
x
_ .2 2 ; 2 5
= y* cos(zy ) + 2zysinx + z°ycosx — y° sinx.

Similarly, we have g—£ = cos(xy?) x 2yx + x? sinx + 5y* cos z, which

is fy, = 2xy cos(:cyz) +22sinx + 5y4 Ccos T.

We know that for a univariate function f(x), we can calculate the
change in Af for any given small increment Az. That is Af ~ %Az =
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7 y

i
Figure 6.5: Partial derivatives of f(z,y) = z* + y?/2.

f'Az. Now for a function z(z,y) of two independent variables z and y,
we have to account for the increments in both z and y. In this case,
we have to use the total differential which can be defined by

0z 0z

where Az and Ay are the increments of x and y. This formula is very
useful for finding the propagation of errors.

6.4 Maxima or Minima

We know that the gradient of a curve at any point is the rate of change
at that point. This means that the first derivative provides a vivid
description of the variations along the curve. In Fig. 6.6, we can see
that the curve has three points A, B and C with zero-gradient (three
horizontal lines). We say that these points are stationary points if at
these points the gradient or the first derivative of the curve is zero, that
is f/(x) = 0, since the rate of change is zero and y here is essentially
stationary.

Around these stationary points, the gradient may change signs. For
example, at point A, the gradient changes from the positive on the left
to negative on the right. This suggests that the gradient itself is chang-
ing substantially, and the derivative of the gradient is not zero. There-
fore, any information about the second derivative f”(x) may be useful.
At point A, the gradient change from positive to negative suggests
that the second derivative is negative or f”(z) < 0. Both conditions
f'(z) =0 and f”’(z) < 0 at point A imply that A is a local maximum
point. These same conditions apply at point C. On the other hand,
at point B, the stationary condition f’(x) = 0 is the same, but the
gradient changes from the negative on the left to positive on the right,
which suggests that the second derivative f”(z) > 0, corresponding to
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Figure 6.6: Stationary points, minimum and maximum.

a local minimum. Any minimum or maximum point is called a turning
point, so all points A, B, C are also turning points.

However, f’(x) = 0 does not necessarily always correspond to a
turning point. For example, the point O of the curve y = 23 in Fig. 6.1
is a stationary point as f’(z) = 322 = 0 at x = 0, but f”(r) = 62 =0
at x = 0, so it is not a turning point. It is in fact an inflexion point. An
inflexion point is a point on a curve where f”(z) = 0, and the gradient
at a point of inflexion is not necessarily zero.

In many applications, sometimes the main aim is to find the minima
or maxima of a curve as the solution.

Example 6.7: For example, if we want to throw a small object at an

initial velocity v with an angle 6 above the horizontal direction, what is

the farthest possible distance d and what is the height H (see Fig. 6.7)?
From basic physics, the equation of the projectile can be written as

g 2
=ztanf - —F——2~.
y 202 cos? 0

At the highest point A, y becomes stationary, that is dy/dx = 0 or Z—Z =
tan @ — 45— = 0. This gives

v2 cos? 6

in6 . .
v2cos?f tanf  v?cos? 6525 v?sinfcosf  v?sin20
CL‘* = = = = 5

g g g 2g

where we have used sin 260 = 2sinf cos 6. The distance is d = 2.

d—9 v? sin 20
= :C*:i.
g
The height H is
2 5in 26 2 5in 20
H=aztanf— — L 22 = (0 an0 g (L STy

2% cos? 0 * 2¢ 202 cos? 6 2g
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(d,0)

Figure 6.7: Projectile of an object with an initial velocity v at
an angle 6.

202sinfcosf sinf  visin?0cos?d  v2sin?6

= 2g )cos9 w2gcos2h  2g
In order to reach the farthest distance d, we can also adjust the angle 6
for a given velocity v so that sin26 = 1 reaches its maximum. That is
20 = 90° or 0 = 45°.
On the other hand, if we do not care about the distance, but want to
reach the highest possible height H, then we can adjust the angle so that
sin?0 = 1 or # = 90°. That is to throw vertically.

6.5 Series Expansions

In numerical methods and some mathematical analysis, series expan-
sions make some calculations easier. For example, we can write the
exponential function e* as a series about ¢y =0

e = ap 4+ a1z + aex® + asz® + ... + apa™. (6.27)
Now let us try to determine these coefficients. At x = 0, we have
e =1l=ag+a1 x0+as x 0%+ ..a, x 0" = 00, (6.28)

which gives ap = 1. In order to reduce the power or order of the expan-
sion so that we can determine the next coefficient, we first differentiate
both sides of (6.27) once; we have

e® = a1 + 2007 + 3asz® + ... + na,a™ L (6.29)
By setting again = = 0, we have
e =1=a;+2a2x0+...+na, x 0" ! =ay, (6.30)
which gives a; = 1. Similarly, differentiating it again, we have

e =(2x1) x ag+3x 23z + ... + n(n — Dayz" 2. (6.31)
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7

7

Figure 6.8: Expansion and approximations for f(z) = f(zo+h)
where h = z — xg.

At x =0, we get
eV =(2x1)xas+3x2a3x04...+n(n—1)a, x 0" 2 = 2ay, (6.32)

or ag = 1/(2 x 1) = 1/2!. Following the same procedure and differen-
tiating it n times, we have

e” = nlay,, (6.33)

and x = 0 leads to «,, = 1/n!. Therefore, the final series expansion can
be written as
1 1 1
T _ .2 — .3 - ..n
e —1—|—z+2!z +3!x +...+n!x . (6.34)
Obviously, we can follow a similar process to expand other functions.
We have seen here the importance of differentiation and derivatives.
If we know the value of f(z) at zp, we know that the gradient f/(z)
in a small interval h = & — 2y can be approximated by (see Fig. 6.8)

f(zo+h) = f(zo)

/(@) = 2T,

(6.35)

which is equivalent to saying that the adjacent value of f(zg + h) can
be approximated by

flxo+h) = f(zo) + hf'(x). (6.36)

Then as a first approximation we can use f'(z¢) to approximate f’(z)
in the interval. However, if we know higher derivatives f”(zg) at xo,
we can use an even better approximation to estimate f'(z)

f(xo+h) = f(x0) + h@ (6.37)
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This is equivalent to stating that

Flao+ 1) = F(@0) + hfz0) + ). (6.38)

If we again approximate f”(x) using higher-order derivatives, we can
obtain the Taylor series expansions

flao+h) = f(wo) + f'(x)h + fHSO) "
f”’( o) s %hn + Rug1(h), (6.39)

where f(") is the nth derivative of f(x) and R, 1(h) is the error esti-
mation for this series. In theory, we can use as many terms as possible,
but in practice, the series converges very quickly and only a few terms
are sufficient. It is straightforward to verify that the exponential series
for e* is identical to the results given earlier. Now let us look at other
examples.

Example 6.8: Let us expand f(z) = sinz about g = 0. We know
that

fl(x) =cosz, f'(z)=—sinz, f"(z)=—cosz, ..,

or f/(0) =1, f"(0) =0, f”(0)=-1, f""(0)=0,..., which means
that
00 ) 3 5

sin:c:sin0+a:f’(0)+f2—(!)x2+ fg—g)af—f—... =z %4— z + .y
where the angle x is in radians.

For example, we know that sin30° = sin § = 1/2. We now use the
expansion to estimate it for z = 7/3 = 0.523598

T T _(@/6)° (7/6)°

sin— ~ — —

6 6 3! 5!
= 0.523599 — 0.02392 + 0.0000328 ~ 0.5000021326,

which is very close to the true value 1/2.

6.6 Applications

6.6.1 Free-Air Gravity

Let us use direct differentiation to derive the gradient of gravity for
free-air gravity correction.
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mid-ocean
ridge subduction
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Figure 6.9: Mantle convection and subduction zone.

We know the gravity g on the Earth’s surface is

GMg

2 )

= 6.40
9= (6.40)
where Mg is the mass of the Earth, and r is the radius of the Earth. G
is the universal gravitational constant. The gradient of gravity is the

first derivative with respect to r; we have
d d 2G M, 2
Y _ _ E 9

=GMg—(r"2) = GMg(-2)r 27! = == 41
dr Edr(r ) = GMp(=2)r rd r (6.41)

Since g = 9.8 m/s? and r = 6370 km = 6.37 x 10° m, we have

@7 2x98

2 = a3 g S 308 107% m/s? m = —0.308 mGal/m,

where we have used geophysical units: 1 mGal = 1072 Gal = 1075
m/s? and 1 Gal = 1 cm/s%.

Therefore, if we go up to a height h, the free-air correction, or the
difference between the gravity at h and that on the ground, should be

Agp = —0.308h mGal/m, (6.42)

which is well-known in gravity survey where the average gradient —0.3086
mGal/m is often used.

6.6.2 Mantle Convection

The main driving mechanism for plate tectonics is mantle convection,
arising from the temperature gradient above a certain critical level
under the right conditions. In such largescale convection, hot up-
welling fluid goes up at the mid-ocean ridge and cold downgoing current
subducts at the subduction zone (see Fig. 6.9).
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For vigorous convection, convecting fluid is virtually adiabatic and
the entropy S of the system can be considered as constant. Ther-
modynamics analysis suggests that the adiabatic thermal gradient at
constant entropy is given by

ar_ Ta (6.43)
dp  pcp

where T is the average temperature, p is the pressure and « is the
thermal expansion coefficient. p and ¢, are the density and specific
heat of the convecting fluid, respectively. If we are concerned with
vertical gradient only, as in the case of mantle convection, temperature
varies with depth z. Using the chain rule of differentiation, we have

ar 0T o oT |0
o _dLoz_ 9,0 (6.44)
dp 0z0p 0z' 0z
Assuming that the pressure is hydrostatic p = pgz so that dp/dz = pg
where g is the acceleration due to gravity, and using (6.43), we have
the adiabatic thermal gradient

dI'  dT'dp Tadp Tag

— = 4
dz dpdz pcpdz Cp (6.45)

Using typical values for upper mantle 7= 1600 K, & = 3 x 1075 K1,
cp = 1000 J K=! kg=! and g = 9.8 m/s?, we have

dT' 1600 x 3 x 107° x 9.8

— = ~ 0. -3 = 0. . .
e 500 0.47 x 1073 K/m = 0.47 K/km. (6.46)

This means that the temperature change in the 3000 km mantle is just
0.47 x 3000 ~ 1400 K.

Fluid dynamics has demonstrated that a horizontal fluid layer heated
from below remains quiescent until the thermal gradient exceeds a crit-
ical value, resulting in cellular convection, called Rayleigh-Bénard con-
vection. For mantle convection, the dimensionless Rayleigh number Ra
is defined by

pgaATd®  gaATd?

Ra , (6.47)
Kl KV

where v = p/p is the kinematic viscosity and p is the absolute or
dynamic viscosity. s is the thermal diffusivity, AT is the temperature
difference across the convection layer with a thickness of d, and p is
the average density of the mantle. Convection occurs if Ra is greater
than a critical value Ra, ~ 277%/4 ~ 657.5 derived from instability
analysis, that is Ra > Ra,.. Viscosity in mantle varies greatly from
10" ~ 10%° Pa s in the upper mantle to 10%° ~ 1023 Pa s in the lower
mantle. Using the typical values u = 10%! Pas, AT = 1400 K, p = 3700
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kg/m3, k = 107% m? /s, d = 3000 km= 3 x 10° m, and the values for «
and g given earlier, we have

3700 x 9.8 x 3 x 107° x 1400 x (3 x 10%)*
- 10-6 x 1021

Such a high Rayleigh number implies that mantle convection is rigorous.
For Rayleigh-Bénard convection, the horizontal size of a convection cell
is similar to its vertical thickness. However, many studies on mantle
convection suggest that the horizontal size is about 10,000 km while
the vertical size varies from 670 km to 3000 km. This implies that the
viscosity in the lower mantle should be much higher than that in the
upper mantle. The detailed mechanism of mantle convection is still
poorly understood, and it is still an active area of current research.

Using a simple boundary layer theory with appropriate approxi-
mations, we know that the convection flow is more rigorous with an
averaged convection velocity v inside a boundary layer with a thickness
of w. The total buoyancy force of the downgoing current is approxi-
mately

Ra

~4x107. (6.48)

AT
Fy = pga(—-)wA, (6.49)

where AT/2 is the average temperature difference, and A is the hori-
zontal area of the boundary layer. Since the shear stress of the layer is
7 = p(v/w) where v/w is the strain rate, the total viscous drag force
is

Fp=1A= %A. (6.50)

In the steady-state convection, the two forces should be balanced Fj =
F,;, and we have

AT 1V
pga(T)wA = EA, (6.51)
or AT
T
v = %, (6.52)

Detailed boundary-layer analysis (Turcotte and Schubert, 1982; Richards
et al., 2000) suggests that w = y/kd/v. We now have the velocity of

mantle convection
pgaATkd
= = 6.53
V=T " (6.53)

Using the typical values given earlier, we have

B \/3700><9.8 x3x10~5x 1400 x 10=6 x (3 x 10)
v 2 x 1071
which is about 5 cm/year since 1.5 x 1072 (m/s) x365 x 24 x 3600
(s/year) ~ 5 cm/year. This example demonstrates that the use of ap-
propriate values for various parameters is crucially important to obtain
a realistic estimate.

~1.5x107% m/s,




Chapter 7

Integration

Integration is another important topic in calculus. It can be considered
as the reverse of differentiation. Loosely speaking, differentiation and
integration are two sides of the same coin. Integrals are important in
finding areas, solving differential equations, signal processing and many
branches of earth sciences such as geodynamics. Later in this chapter,
we will use integration to study unit hydrograph and derive the formula
for Bouguer gravity corrections.

7.1 Integration

Differentiation is used to find the gradient for a given function. Now a
natural question is how to find the original function for a given gradient.
This is the integration process, which can be considered as the reverse
of the differentiation process. Since we know that

dsinz
dx

that is the gradient of sinz is cosz, we can easily say that the original
function is sinz if we know its gradient is cosz. We can write

= cos T, (7.1)

/Cosx dx =sinz + C, (7.2)

where C' is the constant of integration. Here [ dx is the standard
notation showing the integration is with respect to z, and we usually
call this the integral. The function cosz is called the integrand.

The integration constant comes from the fact that a family of curves
shifted by a constant will have the same gradient at their correspond-
ing points (see Fig. 6.2). This means that the integration can be de-
termined up to an arbitrary constant. For this reason, we call it the
indefinite integral.

95
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C

r=q x=b

Figure 7.1: Integration and geometrical interpretation.

Integration is more complicated than differentiation in general. Even
when we know the derivative of a function, we have to be careful. For

example, we know that (z"™) = (n 4 1)z" or (772" ™) = 2" for
any n integers, so we can write
n 1 n+1
ztder = ——z"" 4+ C. (7.3)
n+1
However, there is a possible problem when n = —1 because 1/(n + 1)

will become 1/0. In fact, the above integral is valid for any n except
n = —1. When n = —1, we have

1
/ —dr =Inz+C. (7.4)
x

If we know that the gradient of a function F(z) is f(z) or F'(x) =
f(x), it is possible and sometimes useful to express where the integra-
tion starts and ends, and we often write

b b
/ faydz = [F()] = F(b) - Fla). (7.5)
a a

Here a is called the lower limit of the integration, while b is the upper
limit of the integration. In this case, the constant of integration has
dropped out because the integral can be determined accurately. The
integral becomes a definite integral and it corresponds to the area under

a curve f(z) from a to b > a (see Fig. 7.1).

It is worth pointing out that the area in Fig. 7.1 may have different
signs depending on whether the curve f(x) is above or below the a-
axis. If f(x) > 0, then that section of area is positive, otherwise, it is
negative.

From (7.5), if we interchange the limits of the integral, we have

a o b
/b f(@)da=|F(2)| =F(a)=F(b)=—F (5) = F(a))=— / f(@)da. (7.6)
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Y
()= f(@) ()= @)
N N

Figure 7.2: Integrals of odd and even functions.

In addition, since differentiation is linear, that is [af(x) + Bg(x)] =
af'(xz) + B¢’ (x) where o and 3 are two real constants, it is easy to
understand that integration is also a linear operator. We have

b b b
/ 0 f (z) + Bg(x)]dz = o / f(@)dz + 8 / o(z)dz. (7.7)

Also if a < ¢ < b, we have

/abf(x)dx = /:f(z:)d:er/be(x)dx. (7.8)

This may become useful when dealing with certain integrals, especially
if we do not want the areas (positive and negative) to simply add to-
gether.

In the special case of an odd function f(—z) = —f(z), we have

a 0 a —a a
@y = [ @i+ / f@ydr =~ [ fa)as + / f(@)da

_ /Oaf(—a:)dat+/0af(a:)da: _ /Oa[—f(a:) bf@)ds =0.  (7.9)

The other way of understanding this is that the area for x > 0 is
opposite in sign to the area for x < 0. So the total area or the integral
is zero.

Similarly, for an even function f(—z) = f(x), the areas for both
x > 0 and z < 0 are the same, so we have

_a f(z)dx = 2/0a f(z)dx. (7.10)

Example 7.1: Let us try to compute the total area of the shaded
regions under the curve f(x) = x? — 5z + 4 shown in Fig. 7.3.
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47 x’—5r+4
2 -

2 4 —

Figure 7.3: Computing the total area of the shaded regions.

First, we can simply say that the area is obviously the definite integral
4 4
A= f(x)dx = / (z% — bz + 4)dz.
0 0

From the basic linear properties of the integration, we have

A:/O4x2dx—5/04xdx+4/o4dx= [%azg]i—S[%xQK—FZL{x}z

1 3 g O 9 9 64 8
_Sx[4 0°] 2><[4 0°]+4x[4 O]f3 40+ 16 = 3
The total area is negative; this is not what we expected. The area should
be positive, right? The geometrical meaning of the integral is the total
area, adding the positive areas (above the x-axis) and the negative (below
the z-axis). However, what we wanted to calculate is simply the total area
of the two shaded regions, not to include its signs. In this case, we have
to divide the integral into two intervals [0,1] and [1,4]. The area of the
first region is

f(x)dx:lx[l‘g—O‘g]—?x[12—02]+4x[1—0}:2.
0 3 2 6

Similarly, the area of the second region is

/14f(x)dxéx[4313}g><[4212]+4><[41]

Here we only want the value of the area, so the area of the second region is
9/2. Therefore, the total area of the shaded regions is A = % —|—% = 6%.
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The integrals of commonly used functions are listed in Table 7.1.
For many simple functions, we can easily write their integrals using
the table of differentiation. For more complicated functions, what are
the general techniques to obtain integrals? There are many techniques
such as integration by parts, method of substitution, complex integrals
and others. In the next section, we will briefly introduce integration
by parts.

Table 7.1: Integrals of common functions.

f(@) [ f(x)dx f(@) [ f(z)dx
efL‘ ew % ln xr
n n+1 _ u a*
x n_Hx (n#£-1) a 22— (a>0)
lnf f Inz N x 1og1a x x 1oga -
—1 a+I
aQ-i—xz tan a a?—zx2 ln a—x
1 1 r—a 1 sm_l x
r2—a? T+a VaZ—z2 a
1 1z 1 1z
Vo sinh” « | v cosh™
sinx —CcoST CcoS T sin x
sec? tan csc? x —cotx
sinh x coshx coshx sinh x
tanh x In cosh x cothx Insinh z

Example 7.2: Horton's equation is an empirical relationship concern-
ing the infiltration rates in groundwater flow. In the simplest case, the
infiltration rate f(t) at time ¢ takes the form

Ft) = fot (fo— f)e™

where fy is the maximum infiltration rate, and f. is the infiltration rate
at the equilibrium after the soil has been saturated. The parameter (3 is
constant and 7 = 1/3 defines a characteristic timescale for infiltration.

In order to calculate the total volume of infiltration from time 0 to T,
we take the integral

T T
_ _ et
4 —/0 f)dt —/0 [+ (fo = fu)e™ ™ ]dt

1 g T
:f*T+(f0_f*) |:?€ :|0
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7.2 Integration by Parts

In differentiation, we can easily find the gradient of zsinx if we know
the derivatives of z and sinx by using the rule of products. In inte-
gration, can we find the integral of x sin x if we know the integrals of x
and sinz? The answer is yes, this is the integration by parts.

From the differentiation rule

d(uv) dv du

=u— — A1
dx Y T (7.11)
we integrate it with respect to x, we have
dv du
= —d —dx. 12
uv /udxer/vdxx (7.12)
By rearranging, we have
dv du
Zdr = - —dx. 1
/udxdx uv /vdxdx (7.13)

This is the well-known formula for the technique known as integration
by parts. You may wonder where the constant of integration is? You
are right, there is a constant of integration for wwv, but as we know
they exist for indefinite integrals, we simply omit to write it out in the
formula, but we have to remember to put it back in the end. Now let
us look at a simple example.

Example 7.3: A unit hydrograph is an important tool in hydrology.
There are many different methods and formulae to approximate the unit
hydrographs such as the triangular representations. From the mathemati-
cal point of view, the following form can fit well

f(t) = Atme /T,
where A is a scaling constant, and 7 is the time constant. The exponent
n > 0 and 7 as well as A can be obtained by fitting to the experimental

data.
The total discharge from 0 to ¢t = T can be calculated by the integral

T
Q= / f(t)d.

Let us consider a special case of n =1 for simplicity. Now we have

T
Q= A/ te~t/7dt.
0
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—t/T

Settingu =t and v =¢ and using integration by part, we have

a=alfine]! - Lt (it

0 0

T
= A{—TTefT/T +T {(—T)e*t/ﬂ }=Ar? — Ar(r + T)e*T/T.
0

We can see that
Q — Ar?, as T — oo.

So for a given discharge @), the characteristic discharge time is

When applying the technique of integration by parts, it might be
helpful to pause and look at different perspectives, and the solutions
sometimes come out more naturally. For example, we try to find the
integral

I= /e$ sin zdz. (7.14)

If we use u = €* and dv/dx = sinz, we have du/dx = e* and v =
— cosz. By using integration by parts, we then have

I= /em sinxzdx = e®(— cosz) — /(— cosa:);l—zdx

= —cosze” + /eg” cos zdz. (7.15)

It seems that we are stuck here. The integration by parts does not seem
to help much, as it only transfers [ e” sinzdz to [ e® coszdz, which is
not an improvement. In this case, we have to pause and think, what
happens if we use the integration by parts again for [ e” coszdz? We
let u = e® and dv/dx = cosz, which gives du/dx = e® and v = sinz,
and we have

du
/ez cos zdx = e” sin :cf/sin xd—d:z: = e”sin :z:f/ e”sinxdx. (7.16)
x
Then, you may think, what is the use, as we have come back to the
original integral? But what happens if we combine the above two equa-

tions? We have

I:/exsinxdx = —excosx—/ezcosxdx

= —e"cosx + " sinx — /em sinz = e®(sinx —cosx) —I.  (7.17)
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We want to find I, so we can solve the above equation by simple rear-
rangement
2] = e“(sinz — cosx), (7.18)

or )
1= §e$(sinx —cos ). (7.19)

Here we have found the integral as

1
I= /ez sinzdx = §er(sina: —cosz) + C. (7.20)

Such a procedure is very useful in deriving reduction formulae for some
integrals. Let us take the Wallis’ formula as an example.

Example 7.4: In order to derive Wallis’ formula for the integral
/2
I, = / sin” zdx, (n>2). (7.21)
0

We use u = sin” ! z and dv/dx = sinz; we get

du
d—:(n—l)sinnfzxcosx, v:/sinx:—cosx.
x
We have
/2 /2
I, = [ —sin" !z cos x} - / (= cosz)(n — 1) sin™ 2 cos zdx
0 0

/2
=0+ (n—1) / cos? zsin" 2 dx.
0

2

Since sin?z 4+ cos?z = 1 or cos? z = 1 — sin? z, we have

/2
I, =(n—- 1)/ (1 —sin® z)sin™ 2 dx
0

/2 /2
= (n—l)/ sin" 2 dx—(n—l)/ sin” zdzx = (n—1)I,,_a—(n—1)I,,
0 0
whose rearrangement leads to

n—1
In = In—27
n

which is Wallis' reduction formula for the integral I,,. If we continue to
use the reduction formula, when n is odd, we have
(n—1)(n—23)..4 x2

n(n —2)...5 x 3

I, =
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When n is even, we have

(n=1)(n-3)..3x1 7
T nn-2).4x2 2

It is left as an exercise to prove that the integral foﬂ/ % cos
follows the same formulae.

When using integration by parts, sometimes we have to try to use
different combinations for v and v. In the following example, we have
to use u =z and v/ = ze~* . If we try to use u = 22, it will not work.

Example 7.5: Let us now try to calculate the integral
o0 2
J :/ z2e " dz,
—o0

using integration by parts or [‘udv = uv — [wvdu. By setting u = x and
2
v/ =xe” %", we have

d 1 1
ﬁ =1, v= /xe‘zzdm = §/€_$2d<x2) = _56_702-

We have

_ > 2 —x? _ _E—xzoo _ Oo__l—xz
J—/ x“e dw-{ 5¢ }_OO / (26 )dx

0+ %/Z e dy = % [erf(z)]io - g 1= (=1)] = g

where we have used the error function

2 r 2
erf(x) = ﬁ/o e™ " du,

and erf(oo) = 1 and erf(—oo0) = —1. We will use this result in deriving
the variance of the Gaussian distribution.

7.3 Integration by Substitution
Sometimes, it is not easy to carry out the integration directly. However,

it might become easier if we use the change of variables or integration
by substitution. For example, we want to calculate the integral

Iz/f(a:)da;. (7.22)
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We can change the variable x into another variable u = g(z) where
g(x) is a known function of z. This means

du ,
& 2
7 = 9 @), (7.23)
or )
du = ¢'(z)dxz, dx = du. 7.24
/(@) o (724)

This means that
1= [ f@de = [ fla™ @) du. (7.25)

where it is usually not necessary to calculate g~!(u) as it is relatively
obvious. For example, in order to do the integration

I= /xef2+5da:, (7.26)
we let u = 22 + 5 and we have
Z—Z = (22 +5) = 2u, (7.27)
or
du = 2zdzx, (7.28)

which means dz = %du. Therefore, we have

1
I = /er2+5d9c :/:ce“—du
2x

1 1
=5 /e"du = 56“ +A=e"T5 4 A, (7.29)
where A is the constant of integration. Here we have substituted v =

22 + 5 back in the last step.

Example 7.6:  Compaction occurs when loosely packaged materials
(such as soils and snow) deform under their own weight, resulting in the
reduction of porosity. Compacted sediments will form sedimentary rocks,
and compacted snow will form glaciers. In the simplest case, the porosity
¢ will decrease almost exponentially in terms of

¢ = ¢goe” %,

where z is the depth of the column of the porous materials, and ¢g is the
initial porosity at z = 0. The parameter « can be considered as a constant,
typically & = 0.001/m. In sedimentary basins, the pores can be considered
fully saturated with fluid, and the reduction of pore space is often linked
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Figure 7.4: Derivation of the Bouguer correction formula.

with the generation of hydrocarbon under the right conditions. Suppose a
fraction (say, § = 0.01 or about 1%) of such fluids has been turned into
oil, then the total volume can be estimated by the total reduction of the
pore space

h h
V= A8 / (do — $)dz = BA / g0l — e=%)dz,
0 0

where A is the area of interest. Setting u = «z, we have

h ah
V= 5A¢0/0 dz — BAdo /0 ie‘“du = BApoh — %(bo[e_ah —1].

When changing variables, the integration limits should also change
accordingly. Otherwise, the results will be different and incorrect. This
will be demonstrated by the application in the next section.

7.4 Bouguer Gravity

The Bouguer formula for gravity correction is derived using an infinite
plate of thickness ¢ with a uniform density p. As the plate is infinite,
we can choose any point as the origin » = 0 and cut a small ring, and
we are only interested in the gravity at point P outside the plate at a
perpendicular distance of h away (see Fig. 7.4).
Due to symmetry, the gravitational force will point towards point
O. According to Newton’s law of gravitation, the gravity caused by the
small ring is
dg = _G]c%i_gm cos b, (7.30)
where G is the universal gravitational constant, 6 is the angle. R is the
distance from P to the ring. The mass of the ring is dm = ptdA and
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dA = 2mrdr is the area of the ring with the thickness of dr. Thus, we
have
dm = 2mptrdr. (7.31)

In addition, from the basic trigonometry, we know that

h
cosf = —, R=+h%+r2 (7.32)

R

Therefore, the gravity due to the ring becomes

rdr rdr
So the total gravity due to the whole plate is the integration
Ag = —2nGpht [ —"4" 7.34
T, G 9

Using the change of variables by setting u = (72 +h?) so that du = 2rdr
and u = h? for r = 0, we have

1 du
Since [u~%/2du = —2u~'/2, we have
Ag = —2nGpht :0 [— ﬁ}:
h
1
= ~2nGpht[~(0 — 3)] = ~2Cpt. (7.36)

This is exactly the well-known formula for Bouguer reduction of a layer
with a density of p and thickness ¢.

Using the typical values of G = 6.67 x 107! m3/s? kg, and density
p = 2670 kg/m? for rocks, we have

Ag=—2m x 6.67 x 107 x 2670 ¢

~ 1.1189 x 107% (m/s?) ~ 0.112 ¢ (mGal). (7.37)

This is to say, for every l-metre layer removed, the Bouguer gravity
anomaly is corrected by —0.112 mGal. The Bouguer gravity variations
reflect changes in mass distribution below the surface after removing
most of the effect of mass excess above the reference level, often the
sea level.



Chapter 8

Fourier Transforms

Mathematical transform is a method of changing one kind of function
and equation into another, often simpler and easier to solve. Fourier
transform maps a function in the time domain such as a signal into
another function in the frequency domain, which is commonly used in
signal processing. In earth sciences, the processing of seismic signals is
pivotal to oil and gas exploration and the understanding of almost all
underground geological structures.

As an application, we will analyse the Milankovitch cycles using
simple Fourier transform in the last section of this chapter.

8.1 Fourier Series

From earlier discussions, we know that the function e® can be expanded
into a series in terms of a polynomial with terms of x, x2, ..., z".
In this case, we are in fact trying to expand it in terms of the basis
functions 1, z, 22, ..., and 2". There are many other basis functions.
For example, the basis functions sin(nzt) and cos(nnt) are more widely
used in seismic signal processing. In general, this is essentially about
the Fourier series. For a function f(t) on an interval ¢t € [T, T] where
T > 0 is a finite constant or half period, the Fourier series is defined

as

= 70 Z [an cos(—+) + by, Sln(n;t) (8.1)
where )
1T 1T ™
=7 [ it a=7 [ foesCe 62
and -
1 nmt
b= o [Tf(t) sin("T)d, (n=1,2,..). (83)

107
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Here a, and b, are the Fourier coefficients of f(¢) on [-T,T]. The
function f(t) can be continuous or piecewise continuous with a finite
number of jump discontinuities. For a jump discontinuity at ¢ = tq, if
f'(to—) and f'(to+) both exist with f(to—) # f(to+), then the Fourier
series converge to the average value. That is

Flto) = 21f(to=) + Flto+)]. (534)

You may wonder how to calculate the coefficient a,, and b,,? Before
we proceed, let us prove the orthogonality relation

T nmt. . ommt 0 (n#m)
J—/_Tsm(T)sm(T)dt— T e , (8.5)

where n and m are integers.
From the trigonometrical functions, we know that

cos(A + B) = cos Acos B — sin Asin B, (8.6)

and
cos(A — B) = cos Acos B + sin Asin B. (8.7)

By subtracting, we have
cos(A — B) — cos(A + B) = 2sin Asin B. (8.8)

Now the orthogonality integral becomes

T
J= / sin( Y gin (M gy

T n—m)mw n+m)mw
_%/T{cos[( T oo BT gy (s9)
If n # m, we have
1 T . (m=m)mt T . (n+m)mt T
J_E{(n—m)ﬂsm[ T ]lfT_ (n—l—m)ﬂ'sm[ T ]‘7T}
1 T T
= 3l mgr X 0= 0 = s X (0- 0 =0 (8.10)

If n = m, we have
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1 T 2nmt ‘T

T , 1 T
- 5{15‘4 — 5 sin[ =] 4} =T —o—x0 =17, (311)

which proves the relation (8.5). Using similar calculations, we can easily
prove the following orthogonality relations

T 0 (n#m)
t
/ cos("20) cos(me)dt — L (812)
-T T (n=m)
and
T nmt mmt
sin(—=) cos(——)dt =0, for all n and m. (8.13)
_T T T

Now we can try to derive the expression for the coefficients a,,.
Multiplying both sides of the Fourier series (8.1) by cos(mnt/T) and
taking the integration from —7 to T', we have

’ T
/—T 1) COS(me)dt - %/_T cos(me)dt

o) T T
nmt mmt nmt mt
n — ——)dt + by, in(— — dt}.
+n§_:1{a ‘/7TCOS(T)COS( T )dt + [TSIH(T)COS( T )
Using the relations (8.12) and (8.13) as well as fTT cos(mmt/T)dt = 0,
we know that the only non-zero integral on the right-hand side is when
n = m. Therefore, we get

T
t

/ F(t) cos(n%)dt =0+ [anT + by x 0], (8.14)

-7

which gives
e t

an = /_ N cos("h (8.15)
where n = 1,2,3,---. Interestingly, when n = 0, it is still valid and

becomes ag as cos0 = 1. That is

T
ao = % [ sty (8.16)

In fact, ao/2 is the average of f(t) over the period 2T'. The coefficients
b, can be obtained by multiplying sin(mnt/T") and following similar
calculations.

Fourier series in general tends to converge slowly. In order for a
function f(x) to be expanded, it must satisfy the Dirichlet conditions:
f(x) must be periodic with at most a finite number of discontinuities,
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\ A

-4 -2 0 2 4

Figure 8.1: Triangular wave with a period of 2.

and/or a finite number of minima or maxima within one period. In
addition, the integral of |f(x)| must converge. For example, these con-
ditions suggest that In(z) cannot be expanded into a Fourier series in
the interval [0,1] as fol |Inz|dx diverges.

The nth term of the Fourier series,

an, cos(nmt/T) + by, sin(nnt/T),

is called the nth harmonic. The energy of the nth harmonic is defined
by A2 = a2 + b2, and the sequence of A2 forms the energy or power
spectrum of the Fourier series.

From the coefficient a,, and b,, we can easily see that b, = 0 for
an even function f(—t) = f(t) because g(t) = f(t)sin(nnt/T) is now
an odd function g(—t) = —g(t) due to the fact sin(27t/T) is an odd
function. We have

b = %/_:;f(t) sin("2 )t = %[/OTg(t)dH/ng(t)dt}

= %[/OTQ(—t)dt + /OTg(t)dt} = %/OT(—g(t) +g(t))dt = 0. (8.17)

Similarly, we have ag = a,, = 0 for an odd function f(—t) = —f(t).
In both cases, only one side [0,T] of the integration is used due to
symmetry. Thus, for even function f(¢), we have the Fourier cosine
series on [0,T)

f6="2 +;an cos("T”). (8.18)

For odd function f(t), we have the sine series f(t) = > | sin(Z8).

Example 8.1: The triangular wave is defined by f(t) = |t| fort € [-1, 1]
with a period of 2 or f(t + 2) = f(t) shown in Fig. 8.1. Using the
coefficients of the Fourier series, we have

1 0 1
aoz/ |t|dt:/ (—t)dt+/ tdt = 1.
—1 —1 0
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n=2

-2 -1 0 1 2

Figure 8.2: Fourier series for the triangular wave f(t) = [¢|,¢t € [-1,1] :
(a) first two terms (n=1); (b) first three terms (n = 2).

Since both || and cos(nwt) are even functions, we have for any n > 1,

1 1
ap = / t| cos(nmt)dt = 2/ t cos(nmt)dt
—1 0

2 /1 sin(nnt)dt 2 [cos(nm) — 1]
- — in(nmt)dt = —— nm) — 1].
0 n2m?

t
=2—si t
in(nmt) —

Because |t| sin(nwt) is an odd function, we have

1
by, = / |t] sin(nmt)dt = 0.

-1

Hence, the Fourier series for the triangular wave can be written as

fit)= 1+2 i cos(nm) — 1 cos(nmt) = lJri i (71)ncos(mrt)
2 n2n2 2 w2 n?2 '
n=1 n=1,3,5,...
The first few terms, f,(t) = 1/2 + 4/72 cos(nt), are shown in Fig. 8.2
where we can see that only a few terms are needed to produce a very good
approximation.

Here we can see that the triangular wave with derivative disconti-
nuity can be approximated well by two or three terms. This makes it
easy for any mathematical analysis. Fourier series are widely applied
in signal processing.

8.2 Fourier Transforms

In general, when the period T becomes infinite, the Fourier coefficients
of a function defined on the whole real axis (—o0, c0) can be written as

T T
a(wy,) = /_T f(t) cos(wnt)dt, b(wy) = /_T f(t) sin(wpt)dt, (8.19)
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where w, = %% under the limits of T — oo and w, — 0. If we further

pose the constraint [ |f(t)| < co, we get ag — 0. In this case, the
Fourier series becomes the Fourier integral

ft)= /Ooo[a(w) cos(wt) + b(w) sin(wt)]dw, (8.20)
where

/ f(t) cos(wt)dt, b(w / f(t)sin(wt)dt. (8.21)

Following similar discussions above, even functions lead to Fourier co-
sine integrals and odd functions lead to Fourier sine integrals.
The Fourier transform F[f(¢)] of f(t) is defined as

1 > X
Flw)=F[f(t)] = —/ t)e “idt, 8.22
(w) [£(?)] o _Oof() (8.22)
and the inverse Fourier transform can be written as

1 .

= — F(w)e™tdw, 8.23

== Fw) (5.29)

where expliwt] = cos(wt) + isin(wt). The Fourier transform has the
following properties:

FlUr) +9®)] = FlrOl+ Flg@®)l,  Flaf@)] = aF[f(B)], (8.24)

and F[(—it)" f(t)] = d7;i£f). There are some variations of the trans-
forms such as the Fourier sine transform and the Fourier cosine trans-
form. The Fourier transforms of some common functions are listed in

Table 8.1.

8.3 DFT and FFT

Now we try to write the Fourier series (8.1) in a complex form using
cosf = (¥ +e7%)/2 and sin§ = ('’ — e~%)/2i, we have the nth term

inmt —inwt inmt —inwt

t n bole T —e—T

fn(t)= ancos(nT )+bn sm(n;T )= anle’ T 2+e - ]+ i 22,6 ]
_ (a’n;ibn)einﬂ't/T + (an"glbn) e*inﬂ't/T- (825)

If we define 8, = ©@2se) and g_,, = L@otn) where (n = 0,1,2,...),
and set 3y = ag/2, we get fn(t) = Bpe~ /T L3 e~nmt/T Therefore,
the Fourier series can be written in the complex form

> Bue™tT (8.26)

n=—oo
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Table 8.1: Fourier Transforms

f(t) F(w) = F[f(t)]
Tt Foe 0
f(t)etwot F(w —wp)

5(t) 1/v2r
1 Vari(w)

e~ @)’ (o > 0) L ez
1 \[: eIl
a?+t2 \/;
cos(wot) \/_[5(w wo) +0(w + wo ]

)
. sin(wo) Z\/_ (w+ wo) = d(w — wo)]
smwaz (a > 0) \/_, (|w| < 04) (|w| > CY)

In signal processing, we are often interested in f(¢) in [0,27] (rather
than [—7,T]). Without loss of generality, we can set 7' = 7. In this
case, the Fourier coefficients become

1 2m )

= — t)e " dt. 8.27
bo=5= [ 10 (3.27)
As it is not easy to compute these coefficients accurately, we often use
the numerical integration to approximate the above integral with a step
size h = 2 /N. This is equivalent to sampling ¢ with N sample points

ty = 2wk/N where k = 0, 1,...,N — 1. Therefore, the coefficient can

be estimated by 3, = 5 OQW fe~Mdt ~ % chv:_ol f 25k o= 2mink/N
Once we know ,,, we know the whole spectrum. Let fj denote f(27k/N),

we can define the discrete Fourier transform (DFT) as

N—-1
Fp= " fre” 5, (8.28)
k—

which is for periodic discrete signals f (k) with a period of N. A periodic
signal f(k + N) = f(k) has a periodic spectrum F(n + N) = F(n).
The discrete Fourier transform consists of N multiplications and N —
1 additions for each F,,, thus for N values of n, the computational
complexity is of O(N?).

In fact, by rearranging the formulae, we can get a class of fast
Fourier transform (FFT) whose computational complexity is about
O(N log(N)). Using the notation w = e~ 2™/N and WV = €*™ = 1,
we can rewrite (8.28) as

F, = Z frwh™, —00 < n < oo. (8.29)
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It is worth pointing out that w = e~27/N is the N'th root of unity, thus
the powers of w always lie on a unit circle in the complex plane. Here,
the computations only involve the summation and the power of w.

This usually requires a lot of computations; however, in the case
when N can be factorised, some of the calculations can be decomposed
into different steps and many of calculations become unnecessary. In
this case, we often use N = 2" where m is a positive integer; it be-
comes the so-called FFT, and the computational complexity is now
reduced to 2N logy(N). For example, when N = 22°) FFT will re-
duce the computational time from three weeks to less than a minute
on modern desktop computers. There is a huge amount of literature
about FFT, filter design, signal reconstruction and their applications
in seismic signal processing.

8.4 Milankovitch Cycles

Now let us look at a real-world example by studying the Milankovitch
cycles in climate changes. Milankovitch theory explains paleoclimate
fluctuations and occurrence of the Ice Ages very well. The Milankovitch
cycles, named after the scientist M. Milankovitch who studied the ef-
fect of the Earth’s orbital motion on the climate in a pioneer paper
published in 1941, refer to the collective effect on climate change due
to the changes in the Earth’s orbital movements (see Fig. 8.3).

There are three major components in the orbital changes: preces-
sion of the perihelion, obliquity (or wobble of the Earth’s axis of rota-
tion), and eccentricity (or shape of the Earth’s orbit). Because of the
interaction of the Sun, the Moon, and other planets (mainly Jupiter
and Saturn) with the Earth, each of the three components usually has
multiple harmonic components. Here we will outline the theory.

The precession of the perihelion has a number of harmonic com-
ponents, ranging from 19 to 23.7 thousand years (kyrs), though the
weighted averaged is about 21 kyrs. The tilting of the Earth’s axis of
rotation varies from about 21.5° to 24.5° with periods from 29 to 53.6
kyrs. The averaged period is about 41.6 kyrs. The increase of oblig-
uity will lead to the increase of the amplitude of the seasonal cycle
in insolation. At the same time, the precession or wobble of this axis
(relative to fixed stars) completes a big circle in about 26 kyrs, though
it is about 21 kyrs if calculated relative to the perihelion. This wobble
is mainly caused by the differential gravitational force due to the fact
that the Earth is not a perfect sphere and it has an equatorial bulge.

The change of eccentricity varies from e = 0.005 to 0.06 with periods
ranging from 94.9 to 412.9 kyrs. Two major components are a long
period of 412.9 kyrs and a short (average) period of 110.7 kyrs, and
the latter is close to the 100 kyrs cycles of ice ages. All these harmonic
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Figure 8.3: Milankovitch cycles of the Earth’s orbital elements.
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Figure 8.4: Milankovitch cycles: (a) precession of perihelion;
(b) obliquity; and (c) eccentricity.

components interact and result in a complicated climate pattern.

From Berger’s calculations in 1977 based on Milankovitch’s theory,
we can write the precession as

o o ot
P~ po +p[0 12sin(Z7L) 0.8 sm(22 4) +0.30 sin( 2;?7)}’ (8.30)

19.1

where we have used the approximated averaged periods. p is the aver-
aged amplitude of the precession and pq is the initial value. In writing
this equation, we have implicitly assumed that the phase shift between
different harmonic components is negligible, and components with sim-
ilar periods have been combined into a single major component.
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Figure 8.5: Spectra of Milankovitch cycles (relative amplitudes).

Similarly, the obliquity can be expressed as
27t 27t 2wt
0 ~ 6y +9[0 06 sin( ) + 0.80 sin( - by 4 0.14si (53.6)]7 (8.31)

where 0 ~ 1.5° is the averaged amplitude of tilting and , ~ 23° is the
mean angle. The current tilting is about 23.44°.
The variation of the eccentricity is

o o ot
e~ eg+é 02281n(95)—|—050 n(125)+028 sin(—

412.9)}7 (8:32)

where € =~ 0.0275 is the averaged amplitude of eccentricity, and ey =
0.0325 is the mean eccentricity. The present eccentricity of the Earth’s
orbit is about 0.017. Although the variation of e is small, it still re-
sults in a change of distance of the order of about 5 million kilometres
(aphelion minus perihelion), or about 3% of the average distance from
the Earth to the Sun, which will result in about 6% change in solar
energy reaching the Earth as the energy flux is inversely proportional
to the distance.

These variations are shown in Fig. 8.4 and their amplitude spectra
are shown in Fig. 8.5.



Chapter 9

Vectors

The quantities or variables we have discussed so far are scalar as we
have been concerned with the magnitude only. However, in many cases,
we have to consider the direction as well. For example, driving a car
travelling south at a speed of 30 mph is very different from travelling
north at the same speed, because we are now dealing with not only
the magnitude, but also the direction. A quantity with magnitude and
direction is called a vector, and many quantities such as velocity, force,
displacement and acceleration are vectors. In this chapter, we will first
introduce vectors and vector products.

Later in this chapter, we will demonstrate how to use vectors in
modelling real-world problems such as the Mohr-Coulomb failure cri-
terion, thrust faults, and electrical prospecting.

9.1 Vector Algebra

9.1.1 Vectors

Suppose we travel from a point P at (z1,y1) to another point Q, (say,
a weather station) at (z2,y2), we have a displacement vector d = P
(see Fig. 9.1).

For the displacement vector, we need the magnitude (or the length
or distance) between P and Q, and also the direction or angle 6 to
determine the vector uniquely. Since the coordinates of two points P
and Q are given, the distance between P and Q can be calculated using
the Cartesian distance. The length or magnitude of d can conveniently
be written as d = |d|, and we have

PQ=|PQ| = |d| = /(2 — 21)2 + (32 — 1) (9.1)

Here we follow the conventions of using a single letter in italic form
to denote the magnitude while using the same letter in bold type to

117



118 CHAPTER 9. VECTORS
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1 2 3 4 5 ¢
P

Figure 9.1: The displacement from P(z1,y1) to point Q(z2, y2).

denote the vector itself.
The direction of the vector is represented by the angle 6 from the
z-axis. We have
tang = 22— Y1
To — X1

(9.2)

Conventionally, we often write a vector using bold font d, rather
than d. In many books, vectors are also written in the overhead arrow
form such as m or simply d. The notation ]@ signifies that the
vector is pointing from P to Q. Here we will use the bold-type notations
as they are more popularly used in mathematics. The components of
the vector d are z9 — ;1 along the z-axis and y» — y; along the y-axis.
This provides a way to write the vector as

d=P0Q= <x2 xl). (9.3)

Y2 — 1

Here we write the vector as a column, called a column vector.

Example 9.1: Reading from the graph shown in Fig. 9.1, we know that
Pisat (1,1) and Q is at (5,4). The displacement can be represented in
mathematical form

d— T2 — 1\ _ 5—1 o 4
Y2 — Y1 4—1 3 ’
Therefore, the distance PQ or the magnitude d of the displacement d is

d=|d=+/(5—-1)2+(4—-1)2=142432=5.
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The angle 0 is given by

4-1 3
an P11 0.75,

or
6 =tan"' = 0.75 =~ 36.87°.

For real-world problems, the unit of length must be given, either in km or
metres or any other suitable units.

It is worth pointing out that the vector Q? is pointing the opposite
direction @, and we thus have

5P - (g;l —m2> _ ((_w2 —x1)> _ _(xg —x1> _ P-4

Y1 — Y2 (=) (y2 — v1) Y2 — Y1

In general for any real number 5 # 0 and a vector v = (Z) , we have

o — ﬁ(g) - (gb) (9.4)

A vector whose magnitude is 1 is called a unit vector. So all the
following vectors are unit vectors

P

For any 0, we know |w| = v/cos26 +sin?f = 1 due to the identity
sin?0 + cos20 = 1. The vectors ¢ and j are the unit vectors along
r-axis and y-axis directions, respectively.

Since a vector has a magnitude and a direction, any two vectors
with the same magnitude and direction should be equal since there
is no other constraint. This means that we can shift and move both
ends of a vector by any same amount in any direction, and we still
have the same vector. In other words, if two vectors are equal, they
must have the same magnitude and direction. Mathematically, their
corresponding components must be equal.

If no physical barrier is our concern, then we can reach point Q
from point P in an infinite number of ways. We can go along the z-axis
direction to the right for a distance xo — z1 to the point A, and then go
upward along the y-direction for a distance yo — y1. This is equivalent
to saying that d is the sum of two vectors (x2 — x1)% and (y2 — y1)j.-
We have

a= (22 70) = (@ )it (= ) 9.6)
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Figure 9.2: The displacement from point P(1,1) to point Q(5,4).

Similarly, we can first go along the direction of PB and then along BQ
(see Fig. 9.2). This also suggests that

PQ=PB+BQ, or d=u+wv. (9.7

Now the point B is at (4,2). So we have

D0 Y0 ) o

which suggests that

A UROR G ORI

The addition of two vectors is a vector whose components are sim-
ply the addition of their corresponding components. If we define the
subtraction of any two vectors w and v as

u—v=u+(—v), (9.10)
where —wv is obtained by flipping v by 180°. In general, we have
[ az\ _ (a1 £az
wbe= ()2 () (329). on
The addition of any two vectors w and v is commutative, that is

V1 + v = V2 + V1. (9.12)

This is because each of its components is commutative: a;+as = as+aq
and by + b = ba + b;. Similarly, as the addition of scalars is associative
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Figure 9.3: The 3D displacement vector from P(x1,y1,21) to
point Q(x2,y2, 22).

(i.e., a1 + (a2 + a3z) = (a1 + a2) + a3), then the addition of vectors is
associative as well. That is

v + (’02 + ’03) = (’01 + ’1)2) + vs. (913)

So far we have only focused on the vectors in a two-dimensional
plane; we can easily extend our discussion to 3D vectors or higher-
dimensional vectors. For the 3D vector shown in Fig. 9.3, we have

X9 — I

d = m = Yo — Y1 . (914)
Z9 — 21
If we define the unit vectors as
1 0 0
1= (0], ij=11], k=101, (9.15)
0 0 1

for the three perpendicular directions, we can write d as

T2 — 1
d=|ye—1 | = (@2 —z1)i+ (y2 —y1)J + (22 — z1) k. (9.16)
Z9 — 21

The addition and subtraction of any two vectors now becomes

a1 ag al + as
V1 + Vg = b1 + bQ = b1 + bg . (917)
C1 C2 c1 e

These formulae can be extended to the addition and subtraction of
multiple vectors.
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Figure 9.4: Swimming across a river with the water velocity v.
The swimmer must swim upstream along w so as to get to B.

Example 9.2: A swimmer intends to swim across a river at a constant
speed 2 m/s from point A to B. The water in the river flows at an average
velocity v = 1m/s, and the river is d = 25 metres wide. He or she has
to aim at a different angle 0 along w = AP at a speed 2 m/s, rather
than directly at B (see Fig. 9.4), otherwise he or she will reach some point
downstream. The vector w is determined by

w=u—-v=u+(-v), or u=w+w.

In order to calculate the angle €, we can simply use the trigonometrical
functions for the triangle AABP. That is

sinf=1/2=0.5, or #=sin"'0.5~ 30°.
So the velocity along y-axis swimming across the river is

u=wcosf =2cos30° = 1.73 m/s.

4 — 25 — 144 seconds.

The time taken to cross the river is t = & = 175
It is worth pointing out that if |u| < |v], there is no solution. That
is to say, it is impossible to reach point B from A, and the swimmer will

reach somewhere downstream.

9.1.2 Product of Vectors

We have just discussed the addition and subtraction of vectors. A
natural question is whether we can construct any multiplication and
division. There are different ways to carry out multiplication of vectors,
but the division of vectors does not have any meaningful applications
in earth sciences.

The product of two vectors can be either a scalar or a vector, de-
pending on the way we carry out the multiplications. The scalar prod-
uct of two vectors F' and d is defined as

F-d= Fdcosb. (9.18)
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This rather odd definition has some physical meaning. We know that
the work W done by a force f to move an object a distance s, is simply
W = fs on the condition that the force is applied along the direction
of movement. If a force F' is applied at an angle 6 related to the
displacement d (see Fig. 9.5), we first have to decompose or project
the force F' onto the displacement direction so that the component
actually acts on the object along the direction of d is F'| = F cosf. So
the actual work done becomes

W = Fd = Fdcos#, (9.19)
which means that the amount of work W is the scalar product
W=F-d. (9.20)

Here the - symbol denotes such a scalar product. From such notations,
the scalar product of two vectors is also called the dot product or inner

product.
If we intend to compute in terms of their components
S dy
F=|/fo], d=\|d2 |, (9.21)
f3 ds
the dot product can be calculated by
F-d= fidi + fads + f3ds. (9.22)

Since cos90° = 0, when the scalar product is zero, it suggests that
the two vectors are perpendicular to each other; sometimes we also say
they are orthogonal. So for the unit vectors , 5, and k, we have

ii=j-j=k-k=1, or i-j=j k=k-i=0. (9.23)

These basic properties can easily be verified by using the formula (9.22).
If we know the dot product, we can use it to determine the angle 6,

and we have
F.d

Fd -~

The dot product has some interesting properties. From its defini-

tion, it is easy to see that F - d = d - F. Another interesting property
is the distributive law:

cosf = (9.24)

F-(d+s)=F-d+F-s. (9.25)

Now let us prove the above distributive law. Using

s=1s2], (9.26)
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0

| | Fcosf

Figure 9.5: Work done W by a force F' to move an object in
the direction of displacement d is W = F - d = F'dcos®f.

we have
F.d= f1d1 + f2d2 + f3d3, F.s= f181 + f2$2 + f383. (927)

Now we have

dy 51 dy + 51
F.-(d+s)=F- da | + | s2 =F-|ds+ s
ds3 53 ds + s3

= fi(dy + 51) + fo(d2 + 52) + f3(d3 + s3)
= (fidy + fada + f3ds) + (fis1 + fasz + fzs3) = F-d+ F -5, (9.28)

which is the distributive law.

The vector product, also called the cross product or outer product,
of two vectors u and v forms another vector w. The definition can be
written as

u X v=uvsinf n, (9.29)

where n is the unit vector, and w points the direction of n which is
perpendicular to both vectors u and v, forming a right-handed system
(see Fig. 9.6). In addition, 0 is the angle between u and v, and u and
v are the magnitudes of u and v, respectively.

In many books, the notation u A v is also used, that is

UAV=u X . (9.30)

The right-handed system suggests that, if we change the order of the
product, there is a sign change. That is v x u = —u X v.

Though the vector product is a vector; however, its magnitude has a
geometrical meaning. That is, the magnitude is the area of the shaded
parallelogram shown in Fig. 9.6.

Using u = (u1 Uo U3)T, and v = (v1 Vo ’03)T where the su-
perscript T" means the transpose which turns a column vector into a
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w=|u X v|

Figure 9.6: The direction of w X v points the direction along n
while the magnitude w = |u X v| = |u||v| sin @ is the area of the
shaded region.

Figure 9.7: The triple product of three vectors a, b, and ¢ and
the volume of the parallelepiped.

row vector or vice versa, we can write the vector product in terms of
their components
U2V3 — U3V2
U Xv=|uzvs —uU1v3
U1V2 — U2V

= (U2U3 — ’U,3”U2)i + (’U,gl}l — ull}g)j + (ull}g — UQU]_)k. (931)

For any three vectors a, b, and ¢, their combination is not always
meaningful. For example, § = a - b gives a scalar, as we need two
vectors to form a dot product, therefore, the combination of ¢ - (a - b)
is meaningless, as is (a - b) - ¢. However, the combination (a - b)c is
meaningful if we interpret it as (a - b)c = fSe.

For three vectors, we can define a scalar triple product that is widely
used in vector analysis with geometrical interpretation. The scalar
triple product of three vectors is defined by

V=c-(axb), (9.32)

which is the volume of the parallelepiped formed by the three vectors
(see Fig. 9.7). We know that the vector product S = a x b = Sn
(where S = absinf and n is the unit vector) is pointing the direction
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of n, perpendicular to both @ and b. The magnitude S of S is the area
of the base parallelogram formed by @ and b. Then, the dot product of
c and the unit vector n gives the high h as it essentially projects the
vector ¢ onto the unit vector n. So the scalar triple product ¢ - (Sn)
now becomes the product of the base area and the perpendicular height
h, which is exactly the volume of the parallelepiped.

Using the notations of the components

aq bl C1
a=\|az |, b= b2 5 c=|C|, (933)
as b3 C3

we have
C- (a X b) = (0,2()3 — 0,31)2)01 + (a3b1 — a1b3)62 + (a1b2 — a2b1)63. (934)

This provides a way to calculate the scalar triple product using their
components.

Example 9.3: For three vectors,

4 0 -1
a=|1], b=1| 2|, c=1 2 |,
0 -1 5

we can calculate the volume of the parallelepiped formed by these three
vectors using the scalar triple product V = ¢ - (a x b). Since

agbg—ang 1 x (—1)—0)(2 -1
S=axb=|aghy—abs| =[0x0-4x(-1)] =1 4
albg—agbl 4x2—-1x0 8

So the scalar triple product or the volume becomes

V=ec-S=-1x(-1)+2x4+5x%x8=49.

9.2 Gradient and Laplace Operators

For a given scalar function ¥ (x,y, z), the gradient vector is defined by

oy, oY, Oy

dy =V = — —— ——

grady v 8x1+8y3+8z

where ¢, j, k are the unit vectors along z-, y- and z-directions, respec-
tively. The notation grad or V are interchangeable. Here V is the

gradient operator defined as

k, (9.35)

o. 9. 0
V= gpit gt gk (9.36)
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which is commonly known as the ‘del’ operator. For example, if we
know the distribution of the temperature 7" of the Earth, we can calcu-
late the heat flux g as ¢ = —KVT, where K is the heat conductivity.
In the simplest one-dimensional case when we are only concerned with
the temperature variation with depth z, we have ¢ = —K09T/0z.

Example 9.4: Darcy's law for flow in porous media can be written as
k
q=—-—-Vp,
I

where Vp is the pressure gradient, k is the permeability of the media, and
i is the viscosity of water. g is called the Darcy flux or velocity which is
related to the pore velocity or seepage velocity v by g = v¢ where ¢ is
the porosity. In hydrology, Darcy's law is often expressed in terms of the
water head h as

q=—KVh,

where K is the hydraulic conductivity, and Vh is called the hydraulic
gradient. Suppose in an aquifer, we have VA = 0.5 and K = 4 x 107°
m/s, then the Darcy velocity of the groundwater flow is approximately

g=-4x10"x05=-2x10"" m/s ~ —1.7 m/day.
It would take about a month to flow through a layer 50 metres thick.

Let us look at another example.

Example 9.5: In the calculation of gravity variations, it is often easy to
calculate the gravitational potential V first, then the force can be obtained
by taking its gradient. For two masses M and m with a distance r apart,
the gravitational potential energy is

Vir)=- GMm7 (9.37)

r

where G is the universal gravitational constant.
The force between the two objects is

1 M M
Fe-vV=oMmv(t) =& 2mn:—G T (9.38)
r r |r|3

where n. = 7 /|r| is the unit vector along 7. This is essentially the vector
form of Newton's law of gravitation. It is worth pointing out that in some
books F' = VYV is used, and this depends on the convention whether the
force of attraction is defined as positive or negative.
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Figure 9.8: Spherical coordinates (r, 6, ) for any P(z,y, 2).

Another related operator is the divergence operator for a vector
field f(x,y,2) = (u,v,w)” where u,v and w are its three components.
The divergence of f is defined as

Oou Ov Ow
d Vi f=—4++—+— 9.39
NfEV-f=a T T e (9.39)
which is a scalar.
The proper combination of the grad with div will lead to the Laplace
operator V2 for a scalar function 1

82w 0%y 0%y
= 2 = —_ —_—
AYy =V =V - (V) = 922 + 2 + 9.2 (9.40)
The famous Laplace equation can be written as
821/1 0%y 0%y
2 = —+—=—==0 9.41
Vi = + 0 +352=0 (9.41)

which is important in applications, and its solutions are related to
harmonic functions, such as the free oscillations of the Earth, and the
harmonic expansions of the Earth’s gravity and the geodesy.

The spherical coordinates are most widely used in earth sciences,
though the mathematical definition is slightly different from the lat-
itude and longitude system for the Earth. In the three-dimensional
case, the spherical coordinates, also called spherical polar coordinates,
(r,0,¢) are shown in Fig. 9.8. The angle 6 is the azimuthal angle in
the x — y plane, and 0 < 0 < 27. It is similar to the longitude but with
a different range. The polar angel angle ¢ is the angle from z-axis, and
typically 0 < ¢)7r. Latitude X is related to ¢ by A = 90° — ¢.

For any point P(z,y,z), it is relatively straightforward to derive
the relationship between z,y,z and r, 0,1 using trigonometry. For
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example, z = r cos ¢. The relationships can be written as
x = rsin¢cosb, y =rsin¢sinb, Z = 1 Cos ¢. (9.42)
In the spherical coordinates, the gradient and Laplace operators become

1% 1 oV 10V
ot smg ™ T T ag M
where u,, ug and ug are the unit vectors along r, # and ¢ directions,
respectively. In the simplest case when the function ¥ does not depend
on 0 and v, the gradient is simply VV = 9V/dr along the direction of
u,. We will use this result in the application of the electrical method
in geophysical prospecting.

The Laplace operator in the spherical coordinates can be written as

2, _ 1 0 (200 1 9. 0 1 9%
VY= r2 ar(r 8r)+r2sin989(bm989>+T25m92 92" (9.44)

vV = (9.43)

Interested readers can refer to more advanced literature for detailed
derivations.

9.3 Applications
9.3.1 Mohr-Coulomb Criterion

Let us see a dry block resting on a slope inclined at an angle 6 to the
horizontal direction (see Fig. 9.9). The weight of the block is W = myg
where m is its mass and g is the acceleration due to gravity. The driving
force Fy down the slope is the weight vector projecting on the direction
along the slip surface. That is Fy = W sin6.

The normal force component perpendicular to the slip surface is
F,, = W cos 6, which means that the friction force F), is determined by

F, = pF, = pW cosé, (9.45)

where p is the friction coefficient. At the steady state, the block is just
able to slip with an almost uniform velocity, requiring that F,, — Fy = 0
or the net force is zero. We have

uW cos@ — Wsind = 0, (9.46)
or "
sin
=" tan 6. (9.47)

The block slips down if the downward force is greater than the friction
force. Alternatively, we can consider the situation when the angle 6 is
adjustable gradually from 6 = 0 (horizontal) to a steep angle. When 6
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Figure 9.9: Friction coefficient.

reaches a critical angle # = ¢ such that the block is just able to slip, ¢
is the angle of friction.

In most applications, we are more concerned with the shear stress
7 and the normal stress o. In order for a block to slip, the shear
stress along the slip surface must be at least equal to o tan¢. That is
T = o tan ¢.

In reality, there is some cohesion between the two contact surfaces
(similar to putting some glue between the surfaces). Let S be the
cohesion per unit area. The block will only slip if the shear stress is
greater than the combined resistance of the friction stress o tan ¢ and
the cohesion. That is

T> 5+ otan¢. (9.48)

The equality is the well-known Mohr-Coulomb yield criterion for the
failure in soil and porous materials.

T« = S + o tan ¢, (9.49)

where Ty is the critical shear stress or failure shear stress. In this case,
the angle ¢ is called the angle of friction or friction angle. The detailed
derivations of this criterion require the use of stress tensor and Mohr’s
circle; however, the introduction here is a very crude way to show how
it works. For example, if the block is a soil block (or a fault), the slip
movement will cause cracks and failure in soils (or crust). The failure
is called a shear failure, and the slip plane is called the failure plane.
Failure will occur if the slope 6 is steeper than ¢, i.e., 8 > ¢.

The cohesion stress is usually very small compared with the normal
stress level. For example, for limestones, we have 7, = 104-0.850(MPa),
which suggests a friction angle ¢ = tan~! 0.85 ~ 40°. For most granular
materials and in most applications in earth sciences, S = 0 is a good
approximation. So we have 7 = o tan ¢. In the case of a wet block or
the presence of pore fluids or water, we have a modified criterion

7= (0c—p)tang = (1 — A\)o tan ¢, (9.50)

where p is the pore pressure and A\ = p/o is a ratio describing the effect
of pore pressure on the failure.
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Figure 9.10: Thrust fault paradox.

9.3.2 Thrust Faults

The thrust fault paradox states that neither gravitational nor tectonic
forces are sufficient to push large thrust fault sheets over a long dis-
tance. Either the stress required to move a thrust sheet is much higher
than the strength of the rock, or the slope angle is too high. This para-
dox can be illustrated by considering the thrust sheet as a horizontal
block with a thickness h overlaying and sliding over another fixed block
(see Fig. 9.10). The stress at the interface is o,, = pgh, where p is the
density of the thrust sheet and g is the acceleration due to gravity.
To move the block against friction, we have to overcome the frictional
resistance o, = f,

op = poy = ppgh = pg(tan )h, (9.51)

where p = tan ¢ is the friction coefficient.
The rock failure stress is about 250 MPa= 2.5 x 10® Pa. For u =
0.577, we have the thickness

_ On 2.5 x 108
~ upg ~ 0.577 x 2600 x 9.8

~ 17005 m ~ 17 km. (9.52)

This seems to imply that h = 17 km. Alternatively, we can view this
as pushing a block of maximum length of 17 km from behind. But the
actual thrust fault could be a few kilometers thick, up to 150 km wide
and tens of kilometres.

If the sheet is driven by its weight, it has to be a slope with an angle
0 so that tanf > tan¢ or

pghtan > pgh tan ¢. (9.53)

Experiments suggest that p ~ 0.577 or ¢ ~ 30°. This means that
# > 30° and this value is too high for most real thrust faults. In
reality, the pore fluid at the interface may be very important, which
will effectively lower the effective stress and reduce the frictional force.
This can be modelled by o5, = p(1 — X\)pgh, where A = 0.4 to 1 is
the pore fluid factor, defined as the ratio of pore pressure to lithostatic
pressure. Obviously, A — 1, then frictional resistance is virtually zero.
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J current

equipotential

Figure 9.11: Electrical potential for a single electrode.

9.3.3 Electrical Method in Prospecting

The porous materials below the Earth’s surface can act as a conductive
medium. If we know the electrical resistance R, we can calculate the
current I for any given electrical potential V' using Ohm’s law

1%
V=IR o I=4 (9.54)

From basic physics, we know how to calculate R for a thin wire with
a length of L and a cross section area A. That is R = % whose unit
is Q. - is the electrical resistivity in the unit of 2 m. The common
notation of resistivity is p, but we use = in this book to avoid any
possible confusion with the density notation p.

The reciprocal of v is often called electrical conductivity . That
is 0 = 1/, which has a unit of siemens per metre or S/m. The more

general form of Ohm’s law can be written as the gradient
1
J=—-0VV =-—-VV, (9.55)
Y

where J is the current density or the current per unit area, which is in
fact a vector as it has a magnitude and a direction.

In an idealised case when there is only one electrode of radius rg (see
Fig. 9.11), the other electrode is at infinity so that the voltage is zero.
How do we relate the input current I with the voltage V? Though
we are dealing with a 3D shell, this is essentially a one-dimensional
problem in terms of radial distance r due to symmetry.

So for a shell at r with a thickness dr, the increment of voltage dV
can be related to the current I by

~ydr dr
av=1—=1
v A Tomr2

(9.56)

where we have used the area of the shell (half-sphere) as 2772.
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equipotential

N\,
1 current A

Figure 9.12: Equipotential curves and current flow around two
electrodes in a homogeneous media.

Integrating the above equation with respect to r from r = rg to co
and using the boundary condition V' — 0 as r — oo, we have

o0 o0
V:/ dv:l_’y/ %dr:fl[__l]m: Iy (9.57)
o 27 Jpy T 2nl r Iry  27rg
This is a very simple but important relationship for electrical methods
in geophysical prospecting.
In the more common case when two electrodes are presented, one is
called a source and the other a sink (see Fig. 9.12). The potential V;

of the source at any point A with a distance r; and the potential V5 of
the sink at A are

I —I
vo— 1 v, =~

= = 9.58
27TT1 ’ 2 27‘1’7‘2 ’ ( )

where the negative sign comes from the fact that the current is flow-
ing out from the sink. Since the potential is a scalar, we can simply
superpose their potentials, and we have
Iv . 1 1
Va=Vi+Vo=—(———). 9.59
A 1+ Ve 27r(r1 7,2) (9.59)
For a given value of V,=V =const, the combination of r; and ry will
trace out a family of curves, called equipotential lines or curves (actu-
ally surfaces in 3D). They are shown in Fig. 9.12 as the circular heavy
curves. In the same figure, the dashed curves are the paths along which
the local current flows, which can be obtained by taking the gradient
of V. Now we have the current density
1 11 1 1 1 1 1
J=—-VV=--l¥[— - Z]=-V[———], (9.60)
0% Y2 rp re 2T ry 1o
which can be expressed in terms of the coordinates (z,y) at A, though
the detailed calculations would be tedious.
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However, in practice, we are more interested in the inverse prob-
lem as the media is inhomogeneous, and the resistivity v varies with
locations. Since we know the input current I, and we can measure the
voltage at different locations, the main problem is to try to estimate
the resistivity « and its relationship with underground geological struc-
tures. As the presence of fluids can affect the conductivity significantly,
it is therefore widely used in groundwater survey and oil prospecting.



Chapter 10

Matrix Algebra

The vector concept and algebra we have just discussed can be extended
to matrices. In fact, a vector is a very special class of matrices. In
this chapter, we will introduce the fundamentals of matrices and linear
algebra. As an application, we will use the eigenvalue technique to
discuss the natural frequencies of mechanical vibrations.

10.1 Matrices

A matrix is a rectangular array of numbers. For example, a coffee shop
sells four different type of coffees, and the sales in terms of the numbers
of cups for three consecutive days are recorded as follows:

A B C D
Day 1 210 256 197 207
Day 2 242 250 205 199°
Day 3 192 249 220 215

(10.1)

where different products form a row, and different days for the same
product form a column. This can be written as the sale matrix with 3
rows and 4 columns.

210 256 197 207
S=[242 250 205 199 . (10.2)
192 249 220 215

Each item of the numbers is called an entry or element of the matrix.
We usually use a bold-type upper case to denote a matrix, and we use
the lower case to denote its elements. Therefore, we have

S=[s;], (i=1,23,andj=1,2,34). (10.3)

The element on the second row and the third column is so3 = 205.

135
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The transpose of a matrix S can be obtained by interchanging its
rows and columns, and is denoted by ST. We have

e (000

ST =242 250 205 199| = (10.4)
192 249 220 215 197 205 220
207 199 215

The same coffee shop owner owns another coffee shop on a different
street, selling the same products. The same three-day sales are

191 229 170 240
195 209 199 214
207 272 149 190

Q= (10.5)

The total sales of both shops are obtained by the addition of their
corresponding entries

210 256 197 207 191 229 170 240
S+Q =242 250 205 199 | + | 195 209 199 214
192 249 220 215 207 272 149 190
210+ 191 2564229 197+ 170 207 + 240
= 1242+ 195 2504209 205+ 199 199+ 214
192 4+ 207 249+ 272 220+ 149 215+ 190
401 485 367 447
= | 437 459 404 413 (10.6)
399 521 369 405
Their sales differences are
210 256 197 207 191 229 170 240
S—-Q=1242 250 205 199| — | 195 209 199 214
192 249 220 215 207 272 149 190
210 —191 256 —229 197 —170 207 — 240
= |242—-195 250-—209 205-—199 199 — 214
192 — 207 249 —272 220-—149 215-—190
19 27 27 =33
= | 47 41 6 —15 (10.7)
—-15 =23 71 25

We can see here that the addition and subtraction of the matrices are
carried out entry by entry. It is only possible to carry out addition and
subtraction if and only if the matrices S and @ have the same numbers
of rows and columns.
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The prices for each product are: GBP 0.99 for A, GBP 1.50 for B,
GBP 1.15 for C, and GBP 0.90 for D. This can be written as a column
matrix or a column vector

0.99
150
P= 1115

0.90

(10.8)

The total sales income for each day is given by the multiplication
of S and p.
210 256 197 207 (1)55)3
I, =Sp= 1242 250 205 199 1'15 (10.9)
192 249 220 215 0.90
210 x 0.99 4 256 x 1.50 + 197 x 1.15 4 207 x 0.90 1004.75
=1 242 x 0.99 + 250 x 1.50 + 205 x 1.15 4+ 199 x 0.90 | ={ 1029.43
192 x 0.99 + 249 x 1.50 4+ 220 x 1.15 + 215 x 0.90 1010.08

which means that the total incomes for the three days are GBP 1004.75,
GBP 1029.43 and GBP 1010.08, respectively. In general, the multipli-
cation of two matrices is possible if and only if the number of columns
of the first matrix on the left (S) is the same as the number of rows of
the second matrix on the right p. If A = [a;;] is an m X n matrix, and
B = [b;i] is an n X p matrix, then C = AB is an m X p matrix. We
have

C = [Czk} = AB = [aij][bjk], Cil. = Zaijbjk. (1010)
7j=1

When a scalar a multiplies a matrix A, the result is the matrix
with each of A’s elements multiplying by a. For example,

a b aa  ab
aA=aflc d]=|ac ad]. (10.11)
f ae af
Similarly, the sales incomes at another shop are given by
191 229 170 240 (1)28 944.09
I,=Qp= {195 209 199 214 1'15 = [928.00 |. (10.12)
207 272 149 190 0'90 955.28

So the total incomes for the same owner at both shops are

1004.75 944.09 1948.84
Ip=1,+1,=1029.43] + [928.00| = [ 1957.43|. (10.13)
1010.08 955.28 1965.36
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Generally speaking, the addition of two matrices is commutative
§5+Q=Q+S. (10.14)
The addition of three matrices is associative, that is
(S+Q)+A=85+(Q+ A). (10.15)
However, matrices multiplication is not commutative. That is
AB # BA. (10.16)

There are two special matrices: the zero matrix and the identity
matrix. A zero matrix is a matrix whose every element is zero. We
have 1 x 4 zero matrix as O = (0 0 0 0). If the number of rows
of a matrix is the same as the number columns, that is m = n, the
matrix is called a square matrix. If the diagonal elements are 1’s and
all the other elements are zeros, it is called a unit matrix or an identity
matrix. For example, the 3 x 3 unit matrix can be written as

I =

O O =
o~ O

0
0]. (10.17)
1

If a matrix A is the same size as the unit matrix, then it is commutative.
That is
IA=ATI=A. (10.18)

10.2 Transformation and Inverse

When a point P(z,y) is rotated by an angle 6, it becomes its corre-
sponding point P’(2’,y’) (see Fig. 10.1). The relationship between the
old coordinates (x,y) and the new coordinates (2/,y’) can be derived
by using the trigonometry.

The new coordinates at the new location P’(z’,y’) can be written
in terms of the coordinates at the original location P(z,y) and the
angle 6. From basic geometry, we know that /A'P'Q =6 = /A'OW
Since x = 0OA =0A", y= AP = AP, and 2/ = OS = OW — SW =
OW — QA’, we have

¥ =O0OW — QA = xcos — ysind. (10.19)
Similarly, we have

Yy =SP' =5SQ+ QP =WA +QP =uzsinf +ycosh. (10.20)
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P2, y')
Y
16
Q:-—IA/
|
L Py
bI |
| |
0 11
O s W A

Figure 10.1: The rotational transformation.

The above two equations can be written in a compact form

z! cosf —sinf) [z
(y') - (sin@ cosf )(y)’ (10-21)

where the matrix for the rotation or transformation is

cosf) —sinf
Ry = (sin@ cos 6 ) (10.22)

Therefore, for any point (x,y), its new coordinates after rotating by an
angle 6 can be obtained by

(Z;) = Ry (Z) (10.23)

If point P is rotated by 6 + 1), we have
"\ _ f(cos(@+1) —sin(@+¢)\ "
(y”) ; (Sin(ﬂ o) cosB+w) ) T Berely ) (10.24)

which can also be achieved by two steps: first by rotating 6 to get
P'(2',y’) and then rotating by ¢ from P’(z’,y’) to P"”(«”,y"). This is

y/l w y/ w o y . .

Combining with (10.24), we have
Ro.y = RyRy, (10.26)

or

cos(0 +1) —sin(@+1v)\  (cosyp —siny) (cosd —sinf
sin(0 + ) cos(@+) /  \siny  cosy sinf  cosf
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_ (costpcosf —sinypsing —[cos)sinf + sin) cos 6]
"~ \sintcosf + costpsinf  cosipcosf — sin)sin b

), (10.27)

which is another way of deriving the sine and cosine of the addition of
two angles.

In a special case when first rotating by 6, followed by rotating back
by —6, a point P(z,y) should reach its original point. That is

(5) N ((1) (1)> (i) =R_oRy @) (10.28)

which means that

R_yRy = ((1) ?) _I (10.29)

In other words, R_y is the inverse of Ry. That is to say

Ro= (o) onto)= (s imp) 103

is the inverse of

cos) —sinf
Ro = (sin9 cos 6 ) (10.31)

In general, the inverse A™! of a square matrix A, if it exists, is
defined by

ATA=AA""' =1, (10.32)

where I is a unit matrix which is the same size as A.

Example 10.1: For example, a 2 x 2 matrix A and its inverse A"

\ (a b> 7 {1 (a ﬁ) ’
c d Y K
can be related by

1 fa b\(a B\ _ fax+by aB+bs\ (1 0\ _
A4 = (c d) (’y n) - (ca+d’y cB+ds)  \O 1) I
This means that

ac+by=1,a8+bk =0, ca+dy=0, cy+dr =1.

These four equations will solve the four unknowns «, 8, and k. After
some simple rearrangement and calculations, we have

d —b
o= — ﬂ:—”}/:—cA7[{:

&
A A’
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where A = ad—bc is the determinant of A. Therefore, the inverse becomes
_ 1 d b
Al = .

ad — bc (—C a )

It is straightforward to verify that A™'A = <(1) ?)

cosf) —sin0
Ry = (Sin9 cos 6 )’
we have

Rl_ 1 cos sinf\ [ cos@ sind
~ cosfcosh — (—sinf)sinf) \—sinf cosf) \—sinh cosf)’

where we have used cos? § +sin? @ = 1. This is the same as (10.30).

In the case of

We have seen that some special combinations of the elements such
as the determinant A = ad—bc is very important. We now try to define
it more generally.

The determinant of an n X n square matrix A = [a;5] is a number
which can be obtained by cofactor expansion either by row or by column

det(A) = [A] =) (1) ay| M, (10.33)
j=1

where | M ;| is the cofactor or the determinant of a minor matrix M
of A, obtained by deleting row ¢ and column j. This is a recursive
relationship. For example, M 15 of a 3 x 3 matrix is obtained by deleting
the first row and the second column

an— —atp-  a3—
as1 ads ao3 = |[M|2 =
a3 ai2 a33

a1 a23

10.34
as1  G33 ( )

Obviously, the determinant of a 1 x 1 matrix |a11| = @11 is the number
itself. The determinant of a 2 x 2 matrix

a1l ai2

det(A) = 4yl g

= a11a22 — @12021- (10.35)

The determinant of a 3 x 3 matrix is given by det(A) or

i diz a3 azy  ass az  ass
1+1 142
as1 asy ass |=(=1)'"lap +(—=1)"ar;
azz2  as3 as1  as3
asyp asz2 ass
az1 a2

+(=D) a3 = a11(azzaz3 — az2az3)

azyp  as2
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—ai2(azass — asiass) + aiz(aziaze — azrazs). (10.36)

Here we used the expansion along the first row ¢ = 1. We can also
expand it along any other rows or columns, and the results are the
same. As the determinant of a matrix is a scalar or a simple number,
it is not difficult to understand the following properties

det(AB) = det(A)det(B),  det(A”) = det(A). (10.37)

There are many applications of the determinant. For example,
det(A) = 0, the square matrix is called singular, and the inverse of
such a matrix does not exist. The inverse of a matrix exists only if
det(A) # 0. Here we will use it to calculate the inverse A~" using

1 _adj(4) 1 T
AT = det(A) det(A)B ’

B = [(-1)""7|M;;|], (10.38)

where the matrix B” is called the adjoint of matrix A with the same
size as A, and 7,5 = 1,...,n. Each of the element B is expressed in
terms of a cofactor so that b;; = (—1)""7|M;;|. B itself is called the
cofactor matrix, while adj(A)=B7” is sometimes used to denote the
adjoint matrix. This seems too complicated, and let us compute the
the inverse of a 3 x 3 matrix as an example.

Example 10.2: In order to compute the inverse of
1 1 =2

A=[1 0 2

2 1 1

)

we first construct its adjoint matrix BT with
B = [b;] = [(—1)""7|M;;]] .
The first element b1 can be obtained by

0 2
b= (D"

‘(1)2x(0><12><1)2.
The element by5 is

by = (—1)*2 ; % ‘:—1><(1><1—2><2):3,

while the element bs1 is

1 -2
b21 — (71)2+1
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Following a similar procedure, we have B and its transpose BT as

-2 3 1 -2 -3 2
B=|-3 5 1], oo BT=|3 5 -4
2 -4 -1 1 1 -1

1 1 1 1
det(A)=1 0 2 |=1x —1x 9 5
2 1

0 2
1 1

f‘ﬂ—z)x

0
1

=1x(0x1-2x1)—1x(1x1-2x2)—2x(1x1—-2x0)
=1x(-2)—1x(-3)—2x1=-1
Finally, the inverse becomes
-2 -3 2 2 3 =2

3 5 —4|=|-3 -5 4
1 1 -1 -1 -1 1

Al = B _ 1
~det(A)  —1

This result will be used in the next example.

A linear system can be written as a large matrix equation, and
the solution of such a linear system will become straightforward if the
inverse of a square matrix is used. Let us demonstrate this by an ex-
ample. For a linear system consisting of three simultaneous equations,
we have

anz+aiey+aizz = by, as1r+asey+assz = b, az1x+asey+assz = bs,
which can be written as

a11 a2 ais X b1
a1 Gz2 a23 y| =1b2], (10.39)
az1 asz2 ass z 3

S

or more compactly as
Au = b, (10.40)

where u = (a: Y z)T. By multiplying A~' on both sides, we have
A "Au = A""b. (10.41)

Therefore, its solution can be written as u = A~ 'b.

Example 10.3: In order to solve the following system

r+y—2z=—6, x4+ 22=28, 2v +y+ 2 =5,
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we first write it as Au = b, or

11 =2\ /(= -6
10 2|[lyl=]3s
2 1 1) \z 5

We know from the earlier example that the inverse of A™! is
2 3 =2

Al'=1-3 -5 4
-1 -1 1

)

we now have u = A7'b or

x 2 3 —=2\/-6 2x(=6)+3x8+(—-2)x5 2
yl=[-3 -5 4 8 |=| 3% (=6)+(—5) x8+4x5 —2
z -1 -1 1 5 —1x(=6)+(-1)x8+1x5 3
which gives a unique set of solutions x = 2,y = —2 and z = 3.

In general, a linear system of m equations for n unknowns can be
written in the compact form as

ail a12 ... Qinp (51 b1
a1 a2 ... Q2p u2 bQ
=1.1, (10.42)
Gpl  Ap2 . Gpp Uy, bn
or simply
Au =b. (10.43)
Its solution can be obtained by inverse
u=A""'b. (10.44)

You may wonder how you can get the inverse A~! of a larger ma-
trix A more efficiently. For large systems, direct inverse is not a good
option. There are many other more efficient methods to obtain the
solutions, including the powerful Gauss-Jordan elimination, matrix de-
composition, and iteration methods. Interested readers can refer to
more advanced literature for details.

10.3 Eigenvalues and Eigenvectors

A special case of a linear system Au = b is when b = A\u, and this
becomes an eigenvalue problem. An eigenvalue A and corresponding
eigenvector u of a square matrix A satisfy

Au=>u, or, (A—Au=0. (10.45)
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Any nontrivial solution requires that

det |[A — M| =0, (10.46)
or
al] — A ai2 A1n
a1 a9 — Ao a9on
=0, (10.47)
an1 an2 cer Opp — A

which is equivalent to
N b N L ag= (A= AN = A2)..(A = \,) = 0. (10.48)

In general, the characteristic equation has n solutions. Eigenvalues
have interesting connections with the matrix. The trace of any square
matrix is defined as the sum of its diagonal elements, i.e.,

tI‘(A) = Zaii =ay11 +ag + ... +ann- (1049)

i=1

The sum of all the eigenvalues of a square matrix A is equivalent to
the trace of A. That is

tY(A) =ai1 +ags + ... +apy, = Z XNi = A+ A+ oo+ Ay (1050)
i=1
In addition, the eigenvalues are also related to the determinant by

det(A) = ﬁA (10.51)

i=1

Example 10.4: For a simple 2 x 2 matrix

15
=)
its eigenvalues can be determined by

1-A 5
2 4-2A

or
(1-A)(4—-X)—2x5=0,

which is equivalent to
A+1)(A=-6)=0.
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Thus, the eigenvalues are Ay = —1 and Ao = 6. The trace of A is
tr(A) = a11 + a2 = 1+4 =5 = A + Xa. In order to obtain the
eigenvector for each eigenvalue, we assume

v = (52).

For the eigenvalue A\; = —1, we plug this into
|A—M|v=0,
and we have
1-(-1) 5 <v1): ‘2 5‘(1}1):0
2 4—(-1) |\v2 ’ 2 5 |\v2 ’
which is equivalent to
2v1 + 5v9 = 0, or v = —gvg.

This equation has infinite solutions; each corresponds to the vector parallel
to the unit eigenvector. As the eigenvector should be normalised so that
its modulus is unity, this additional condition requires

2,2
v] +v; =1,

which means 5
( 2v2)2 +v3 = 1.

We have v; = =5/v/29, v = 2/4/29. Thus, we have the first set of
eigenvalue and eigenvector

M=-1, v = <_5/%> (10.52)

V29

Similarly, the second eigenvalue Ay = 6 gives

‘ 1-6 5 (vl)zo
V2

2 4-6
Using the normalisation condition v? +v3 = 1, the above equation has the

following solution
V2
)\2 = 67 Vg = \?5 .
2

Furthermore, the trace and determinant of A are tr(A) = 1+4 =
5, and det(A) = 1 x4 —2 x5 = —6. The sum of the eigenvalues is
Z?zl Ai = —146 =5 =1tr(A), while the product of the eigenvalues is
[T_, A = —1x 6 = —6 = det(A). Indeed, the above relationships about
eigenvalues are true.
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10.4 Harmonic Motion

Harmonic oscillations or mechanical vibrations occur in many processes
related to earth sciences. For example, the Earth itself has free oscilla-
tions. The natural frequencies of a system can often be calculated using
eigenvalue methods because the natural frequencies are the eigenvalues
if the system equations are formulated properly. Let us demonstrate
this using a simple system with three mass blocks connected by two
springs as shown in Figure 10.2. This system can be thought of as a
tectonic plate pushing two other plates, or a car towing two caravans
on a flat road, ignoring friction.

Let uq,uo,us be the displacement of the three mass blocks my, ma,
mg, respectively. Then, their accelerations will be iy, s, tis where
ii = d>u/dt?. From the balance of forces and Newton’s law, we have

maiin = ki (uz — u1), (10.53)
maiiy = ka(uz — u2) — ki(ug — u1), (10.54)
matlis = —ka(ug — ua). (10.55)
These equations can be written in a matrix form as
mq 0 0 iil kl —kl 0 U1l 0
0 mo 0 ﬁg + —kl kl + kg —kQ ug = 0 ,
0 0 ms ﬁg 0 —kg kg us 0
or
Mi+ Ku =0, (10.56)

where uT = (u1,u2,us). The mass matrix M and stiffness matrix K
are

mi 0 0 kl —kl 0
M = 0 mao 0 s K = —k’l kl +k2 —kz . (1057)
0 0 ms 0 _k2 k2

Equation (10.56) is a second-order ordinary differential equation
in terms of matrices. We will learn more about ordinary differential
equations in the next chapter. At the moment, we assume that the
motion of our system is harmonic, therefore, we write their solution in
the form u = U cos(wt) where U = (U, Us, U3)T is a constant vector
related to the amplitudes of the vibrations. Here the unknown w is the
natural frequency or frequencies of the system.

We know that @ = —Uw? cos(wt). Then, equation (10.56) becomes

(K —w’M)U = 0. (10.58)

This is essentially an eigenvalue problem because any non-trivial solu-

tions for U require
|K —w?M]| = 0. (10.59)
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Uy U Uus
L

AN

Figure 10.2: Harmonic vibrations and their natural frequencies.

Therefore, the eigenvalues of this equation give the natural frequencies.

Example 10.5: For the simplest case when m; = ms = ms = m and
k1 = ko = k, we have

k—w?m —k 0
—k 2k — w?m —k =0,
0 —k kE—w?m

or
—w?(k — w?m)(3km — w?*m?) = 0.

This is a cubic equation in terms of w?, and it has three solutions. There-
fore, the three natural frequencies are

k 3k
wi =0, ws = —, wi=—.
m m

For w} =0, we have U = (U1, Uy, Us) = \/Lg(l,l, 1), which is the rigid

body motion. For we = k/m, the eigenvector is determined by

0 -k 0\ (U 0
—k k —k||lU]=1|0],
0 -k 0)\Us 0

which leads to Us = 0, and U; = Us. Written in normalised form, it

becomes (U1, Us, Us) = %(1,07 —1). This means that block 1 moves in
the opposite direction away from block 3, and block 2 remains stationary.
For w? = 3k/m, we have (Uy,Us,Us) = %6(1,—2,1). That is to say,
block 2 moves in the different direction from block 3 which is at the same

pace with block 1.



Chapter 11

Ordinary Differential
Equations

Differential equations are very important in science, and many geo-
physical and geological processes can be modelled in terms of differen-
tial equations. In this chapter, we will introduce ordinary differential
equations and their basic solution techniques, and in the next chapter
will discuss the more complicated partial differential equations.

Differential equations have been applied to almost every branch
of earth sciences. As illustrative examples for this chapter, we will
apply them to study the variations of air pressure with altitude, climate
changes, flexural deflection of the lithosphere, and post-glacier isostatic
adjustment.

11.1 Differential Equations

In the introduction to basic equations such as 2 — 22 +x — 1 =0, we
know that the relationship is a function f(z) = 23 — 2?2 + 2 — 1 and
the only unknown is x. The aim is to find values of z which satisfy
f(z) = 0. It is easy to verify that the equation has three solutions
x=1,=+i.

A differential equation, on the other hand, is a relationship that
contains functions and their derivatives. For example, the following
equation

;l_z = — 1, (11.1)
is a differential equation because it provides a relationship between the
derivative dy/dz and the function f(z) = 2% — z. The unknown is a
function y(z) and the aim is to find a function y(x) (not a simple value)
which satisfies the above equation. Here z is the independent variable.

149



150 CHAPTER 11. ORDINARY DIFFERENTIAL EQUATIONS

From the integration, we know that the gradient dy/dx is 23 — z,
and the function 12* — 122 has the gradient 2® — z. We can say that
y(z) = % - % satisfies the differential equation (11.1), and thus y(z) is
a solution to (11.1). Then the question is: Are there any other solutions
to this equation? The answer is an infinite number. From Fig. 6.2, we
know that there is a family of curves whose gradient is 2 — 2. The
solution in general should contain an arbitrary constant C. That is to

say, the general solution of (11.1) can be written as

4 1.2

x
1 5 +C. (11.2)
Any solution that corresponds to a single specific curve is a particular
solution. For example, both z*/4 — x2/2 and 2*/4 — 2%2/2 — 1 are
particular solutions.

Another important concept is the order of a differential equation.
The order of a differential equation is the highest derivative of the un-
known. For example, the order of (11.1) is 1 as the highest derivative is
the gradient, so this equation is called a first-order differential equation.
The following equation

d*y(x) ., dy(x)
dx? dx
is the second-order differential equation as the highest derivative is the
second derivative d?y/dx?.

All the above equations only contain first and/or second derivatives,
and there is only a single independent variable x. Such differential
equations are called ordinary differential equations (ODE).

On the other hand, if a quantity of interest such as u depends on
two or more independent variables such x and ¢, then partial derivatives
such as % and %—1‘ will appear. In this case, we usually have to deal
with a partial differential equation (PDE). For example, the following
equation

y(z) =

+y(z) = 2, (11.3)

ou 0*u

t  da?
is a diffusion equation and we will discuss this in more detail in the next
chapter. In this chapter, we will focus solely on the ordinary differential
equations.

(11.4)

11.2 First-Order Equations

We know that dy/dz = 2® — x is a first-order ordinary differential
equation, which can be generalised as
dy(z)

“dr = f(z), (11.5)
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where f(z) is a given function of z. Its solution can be obtained by
simple integration

y(z) = /f(m)dx +C. (11.6)

Example 11.1: The air can be considered as an ideal gas obeying the
ideal gas law
pV =nRT,

where P is the air pressure, V is the volume of the air of interest, and n
is the number of modes of air. R = 8.31 J/mole-K is the universal gas
constant, and 7T is the absolute temperature. The ideal gas law can also
be written as R

p= pMT,
where p is the density of the air and M ~ 28.9 g/mole is the molar mass
of the air.

We assume that the air pressure is hydrostatic. That is, the increase
of the pressure dp is balanced by the increment of the weight —pgdz for
a thin layer with a unit area. Here z is the altitude above the Earth's
surface and the — sign indicates the fact that the z increases and pressure

decreases in atmosphere. Therefore, we have dp = —pgdz or
dp
dz Pg-

From p = pRT /M, we have p = pM/RT, and we now have

dp _ _pMy
dz RT’
or
dp Mg
— = ——"dz.
P RT
Integrating from z = 0 to z = h, we have
P b M M
g g
dp=1Inp—1 =— —dz=——=h
/po P np—1Mmpo s RT z RT "

where pq is the pressure on the Earth's surface at z = 0.

This means that
2 Mg
n—=——=h.
Do RT

Taking the logarithms, we have

= 7’Yh - .
p boe ) Y RT
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We can see that the air pressure decreases exponentially as the height h
increases. We can define a characteristic height

1 RT
L=-="",
g Mg
so that
p = poe "

For the typical values of M = 0.0289 kg/mole, g = 9.8 m/s?, and T = 293
K (or 20°C), we have

8.31 x 393

L=————~8597m = 8597 k

0.0289 x 9.8 o o
which corresponds to v ~ 0.00116 m~!. This means that the air pressure
at z = L will becomes 1/e = 36.8% of the pressure on the Earth’s surface.

The exponential decrease of the air pressure was conventionally used

to determine the altitude in aviation and atmospheric sciences. From
p = poe~ ", we get

p
In(—) = —~h,
(po) gl
which leads to )
h=——mZ =Lm?.
Po p

So if the pressure has dropped to half of the ground pressure (assuming a
constant temperature), the altitude h is given by

Po
.5])0

h:Lan = LIn2 ~ 5.959 km.
In our calculations, we have assumed that the temperature is constant. In
reality, the temperature does change significantly.

What happens if f also depends on y, so that we have

d?jlif) = f(x,y). (11.7)

It is not possible to solve it by integration in general; however, in a
special case when f(z,y) = g(x)h(y) is separable we can solve it by the
separation of variables. That is to rearrange the equation so that the
function of x is on one side, and the function of y is on the other side.

We have 1 d
Yy _
) dr g(x). (11.8)

Then, we can integrate both sides with respect to x, and we have

[t [ [y o
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where we have used dy = (dy/dz)dz or [()%dx = [()dy. If we provide
appropriate conditions for y or y'(0) at £ = 0, we can also determine
the unknown constant. Let us look at an example.

Example 11.2: To solve the first-order differential equation

d
% = (z' +e)e?,
under the condition y(0) = 0 at x = 0, we can rewrite it as

]- dy 4 x
cvdr U T

whose integration leads to

This becomes

or

Using = 0 and y(0) = 0, we have

05
60:€+60+C7

which gives 1 =041+ C or C = 0. Now the solution becomes

Taking the logarithm, we have

0

y=In(—

3 +e%).

We will use this solution in the numerical solution of ordinary differential
equations in later chapters.

When the function f(z,y) is a nonlinear function of y such as the
case of e7Y, it is not so straightforward to solve such equations. In the
rest of the section, we will only focus on the general linear first-order
ordinary differential equation in the following form

7r +p(x)y = q(2), (11.10)
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where p(x) and ¢(z) are known functions of z. We will attempt to solve
this generic differential equation. How do we start? We know from the
differentiation rule for a product that

d(Q(x)y) dy  dQ(x)

dz %-&-y dr (2)y" + Q' (x)y. (11.11)

=Q(x)

If we could in some way write the left hand side of (11.10) as a derivative
of a product similar to the above, we should be able to rewrite the orig-
inal differential equation (11.10) as a simpler form (11.5). Therefore,
multiplying both sides of (11.10) by a function Q(x) to be determined
later, we have

dy

Q)= + Q2)p(z)y = Q(z)q(w). (11.12)
The aim is to write it as the form
d d dQ(x
AU _ )2 1+ 199, — Ga)ga). (11.13)
By comparing with (11.12), we get
D) _ (o). (11.14)

This is a separable form as discussed earlier. We have

1 dQ
Q@) dr = p(z), (11.15)
or g
/Q(m) Edw-/p(w)dw. (11.16)
This gives
InQ(x) = /p(z)dz, (11.17)
Qa) = el P, (11.18)

which is often called the integrating factor. Using this integrating fac-
tor, equation (11.12) becomes

e %y

= Q)a(@) = q@el O (119)

Integrating it with respect to x, we have

efp(m)dwy = / {q(x)efp(m)dw] dz + A, (11.20)
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where A is the constant of integration. Dividing both sides of the above
equation by the integrating factor, we have the general solution

y = efp(x)dz{ / [q(x)eff’(z)ﬂ dz} 4 Ae=JP@d (g0

Let us solve the differential equation

dy
Y o5y =, 11.22
dx+ y=e ( )

given that y(0) = 1/2. The integrating factor Q(z) is
Ox) = ef 2 — o3, (11.23)

Multiplying the original equation (11.22) by Q(z), so we have

d d 5z
eSz% +565my: (edxy) _ 65$€7w _ e4m’ (1124)

whose integration leads to

641
ey = - A (11.25)
Therefore, the general solution is
e4x A 1 —x —5x
Yy = E—i_eﬁ 216 + Ae . (11.26)

The constant A can be determined by y(0) = 1/2 at = 0. That is
1 1
5= 16_0 + Ae™?%Y (11.27)
or A =1/4. The final solution becomes
1 1
y=—e "4 e 5" (11.28)

4 4

Let us look at another example.

Example 11.3: In hydrology, the runoff model for linear reservoir pro-
vides a flow equation

d
d—lZ—i-ozq:ozR,

where ¢ is the runoff or discharge, and R is the effective rainfall and can be
considered as a constant for a short time. The coefficient « is a response
factor which can be taken as a constant.
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We know that the integrating factor is
Q = efadt = eat

Therefore, using the formula (11.21), we have the general solution
eozt
g=e /(aR)e"tdt + Ae™ = e_"t(aR)F + Ae™t

which becomes
qg=Ae " +R.

If the discharge at t = 0 is gy, we have
qo = Aeiaxo + Ra

or
A:qo—R.

The final solution now becomes
q=qoe "+ R(1—e™ ).

As t — oo, we have ¢ — R.

11.3 Second-Order Equations

For second-order ordinary differential equations (ODEs), it is generally
more tricky to find the general solution. However, a special case with
significantly practical importance and mathematical simplicity is the
second-order linear differential equation with constant coefficients in
the following form

d*y | dy

Tz T +cy(z) = f(z), (11.29)
where the coefficients b and ¢ are constants, and f(z) is a known smooth
function of . Obviously, the more general form would be

Y0 ey = f(o) (1130
a— — +cy(z) = f(x .

dx? dw Y ’

however, if we divide both sides by a, we will reach our standard form.
Here we assume a # 0. In a special case of a = 0, it reduces to a
first-order linear differential equation which has been discussed in the
previous section. So we will start our discussion from (11.29).
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A differential equation is said to be homogeneous if f(z) = 0. For a
given generic second-order differential equation (11.29), a function that
satisfies the homogeneous equation

2y d
SV b—i +ey(z) =0, (11.31)

is called the complementary function, denoted by y.(x). Obviously, the
complementary function y. alone cannot satisfy the original equation
(11.29) because there is no way to produce the required f(x) on the
right-hand side. Therefore, we have to find a specific function, y.(z)
called the particular integral, so that it indeed satisfies the original
equation (11.29). The combined general solution

y() = ye(z) + yu (), (11.32)

will automatically satisfy the original equation (11.29). The general
solution of (11.29) consists of two parts: the complementary function
ye(x) and the particular integral y.(z). We can obtain these two parts
separately, and simply add them together because the original equation
is linear, so their solutions are linear combinations.

First things first, how to obtain the complementary function? The
general technique is to assume that it takes the form

ye(x) = Aer®, (11.33)

where A is a constant, and A is an exponent to be determined. Substi-
tuting this assumed form into the homogeneous equation, we have

AN2 M 4 DANN + A = 0. (11.34)

Since Ae*® should not be zero (otherwise, we have a trivial solution
y. = 0 everywhere), we can divide all the terms by Ae*”, and we have

M 4+bA+c=0, (11.35)

which is the characteristic equation for the homogeneous equation. It
is also called the auxiliary equation of the ODE. The solution of A in

this case is simply
—bEVb% —4c
5 .
For simplicity, we can take A =1 as it does not affect the results.

In the discussion of quadratic equations in the first chapter of the
book, we know that there are three possibilities for A. They are: I) two
real distinct roots, II) two identical roots, and III) two complex roots.

In the case of two different roots: A; # \o. Then, both e*? and e*>®
satisfy the homogeneous equation, so their linear combination forms the
complementary function

Yo(x) = AeM® 4 Bet2?, (11.37)

A= (11.36)
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where A and B are constants.
In the special case of identical roots A\; = Ag, or

c=\, b= —2\. (11.38)
we cannot simply write
Yo(x) = AeM® 4+ BeM® = (A + B)eM?, (11.39)

because it still only one part of the complementary function y; = Ce*
where C' = A + B is just another constant. In this case, we should
try a different combination, say, y» = ze? to see if it satisfies the
homogeneous equation or not. Since yh(z) = eM¥ + xAeM® and
Y (x) = MeM® + A\ eM® 4 xA2eM7 ) we have

Y () +byh(z) +eya () = eMT(20 +223)eM T 4 be (142, ) + cxe™®

_ 6}\11[(2A1 +b)] _|_l,€>\11[)\? +bA1 + ] =0, (11.40)

where we have used b+ 2\; = 0 (identical roots) and A\? +bA\; +c =0
(the auxiliary equation). This indeed implies that xe*1® also satisfies
the homogeneous equation. Therefore, the complementary function for
the identical roots is

yo(x) = AeM® 4+ BreM?® = (A + Bx)eM?. (11.41)

Example 11.4: The second-order homogeneous equation
Py | dy
— +5——-6y=0
dx? * dx 4 ’
has a corresponding auxiliary equation
AN H5A—6=(\—-2)(A+3)=0.

It has two real roots
AL =2, Ay = —3.

So the complementary function is
Ye(r) = Ae*™ + Be 37,
But for the differential equation

dy  dy
W +6% + 9y(x) = 0,

its auxiliary equation becomes

AN 4+6A+9=0,
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which has two identical roots Ay = Ay = —3. The complementary function
in this case can be written as

As complex roots always come in pairs, the case of complex roots
would give
A2 =atif, (11.42)

where « and ( are real numbers. The complementary function becomes
Ye(x) = AelotiB)z 4 pela—iB)e — geowibe | peaw—ifi
= e [Aeiﬁm + Be*ww]
= e*{ Alcos(Bz) + i sin(Bz)] + Blcos(—pz) + isin(—Lx)]}
= e*[(A+ B)cos(Bz) + i(A — B) sin(fx)]
= e**[C cos Sz + Dsin fz], (11.43)

where we have used the Euler formula e = cos# + isinf and absorb
the constants A and B into C = A+ B and D = (A — B)i.
A special case is when a = 0, so the roots are purely imaginary. We

have b = 0, and ¢ = 2. Equation (11.29) in this case becomes

d*y 2

— =0 11.44

12 TOY=0, ( )
which is a differential equation for harmonic motions such as the oscil-
lations of a pendulum or a small-amplitude seismic detector. Here 3 is
the angular frequency of the system.

Example 11.5: For a simple pendulum of mass m shown in Figure
11.1, we now try to derive its equation of oscillations and its period.
Since the motion is circular, the tension or the centripetal force T is

thus given by
2

T= mvf = m92L,
where § = df/dt is the angular velocity.

Forces must be balanced both vertically and horizontally. The compo-
nent of 7' in the vertical direction is T cos which must be equivalent to
myg, though in the opposite direction. Here g is the acceleration due to
gravity. That is

T cosf = mg.

Since 6 is small or 6 < 1, we have cosf ~ 1. This means that 7' ~ mg.
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194

Figure 11.1: A simple pendulum and its harmonic motion.

In the horizontal direction, Newton's second law F' = ma implies that
the horizontal force —T sinf must be equal to the mass m times the

. 2
acceleration L%. Now we have

m(L@) = —T'sinf ~ —mgsind
a2’ T g sy,

Dividing both sides by m L, we have
d?0 g .
ﬁ + E ‘1110 = O
Since € is small, we have sin @ = . Therefore, we finally have
d’0 g
— +=60=0.
az T p?=Y

This is the equation of motion for a simple pendulum. From equation
(11.44), we know that the angular frequency is w? = g/L or w = /<.
Thus the period of the pendulum is

T=2"=o9m 2. (11.45)

We can see that the period is independent of the bob mass. For L =1 m
and g = 9.8 m/s?, the period is approximately 7' = 27y /5 ~ 2 s.

Now we will try to find the particular integral y.(z) for the non-
homogeneous equation. For particular integrals, we do not intend to
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find the general form; any specific function or integral that satisfies the
original equation (11.29) will do. Before we can determine the partic-
ular integral, we have to use some trial functions, and such functions
will have strong similarity with the function f(x). For example, if
f(x) is a polynomial such as ? + ax + 3, we will try a similar form
y«(z) = ax?® 4+ bz + ¢ and try to determine the coefficients. Let us
demonstrate this by an example.

Example 11.6: In order to solve the differential equation

Py . dy
CY 5% gy =2
dw2+ dx y=2 ’

we first find its complementary function. From the earlier example, we
know that the complementary function can be written as

ye(z) = Ae®® 4+ Be 3%,

For the particular integral, we know that f(z) = x — 2, so we try the form
Yy« = ax + b. Substituting it into the original equation

0+ 5a —6(ax+b) =2 — 2,
or
(=6a)x + (ba — 6b) = = — 2.

As this equality must be true for any x, so the coefficients of the same
power of x on both sides of the equation should be equal. That is

—6a =1, (5a — 6b) = —2,

which gives a = —z, and b = 5. So the general solution becomes

Similarly, if f(z) = e®*, we will try to y.(z) = ae®® so as to deter-
mine a. In addition, we f(x) = sinaz or cosax, we will attempt the
general form y,(z) = acos ax + bsin az.

11.4 Higher-Order ODEs

Higher-order ODEs are more complicated to solve even when they are
linear. In the special case of higher-order ODEs where all the coeffi-
cients an, ..., a1, ag are constants,

any™ + ...+ a1y + aoy = fax), (11.46)
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the solution procedure is identical to that for the second-order differ-
ential equation we just discussed in the previous section. The general
solution y(z) again consists of two parts: the complementary function
Ye(z) and the particular integral or particular solution y;(z). We have

y(x) = ye(z) + yp (). (11.47)

The complementary function which is the solution of the linear
homogeneous equation with constant coefficients can be written in a
generic form

any™ + an_ 19"V 4+ 4 a1yl + ap = 0. (11.48)

Assuming y = Ae*® where A is a constant, we get the characteristic
equation as a polynomial

an N + an_ A" 4+ 4+ a N +ag =0, (11.49)

which has n roots in the general case. Then, the solution can be ex-
pressed as the summation of various terms y.(z) = Y _, cxe® if the
polynomial has n distinct zeros A1, ...A,. For complex roots, and com-
plex roots always occur in pairs A = r + iw, the corresponding linearly
independent terms can then be replaced by €"[A cos(wx) + B sin(wz)].

The particular solution y;(z) is any y(x) that satisfies the original
inhomogeneous equation (11.46). Depending on the form of the func-
tion f(z), the particular solutions can take various forms. For most of
the combinations of basic functions such as sin z, cos z, ¢**, and z”, the
method of undetermined coefficients is widely used. For f(z) = sin(ax)
or cos(ax), then we can try y; = Asinax + Bsinaz. We then substi-
tute it into the original equation (11.46) so that the coefficients A and
B can be determined. For a polynomial f(z) = z™(n =0,1,2,....,N),
we then try y5 = A+ Bz + ... + Q2" (polynomial). For f(x) = ekryn,
yr = (A+ Bz + ..Qz")ek”. Similarly, f(z) = e* sinax or f(z) =
" cos aur, we can use yi = eF(Asinax + Bcosax). More general
cases and their particular solutions can be found in various textbooks.

A very useful technique is to use the method of differential operator
D. A differential operator D is defined as

d

D=—.
dzr

(11.50)

Since we know that De*® = A\e*® and D"e* = \"e’*, so they are
equivalent to D — A, and D™ — A". Thus, any polynomial P(D) will
map to P(A). On the other hand, the integral operator D~! = [dz
is just the inverse of the differentiation. The beauty of the differential
operator form is that it can be factorised in the same way as for a poly-
nomial, then it can solved using each factor separately. The differential
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operator is very useful in finding out both the complementary functions
and particular integral.

Example 11.7:  To find the particular integral for the equation

y""" 4 22y = 15¢%*, (11.51)
we get
(D7 + 22)y; = 15¢™, (11.52)
or 15
ys = me%. (11.53)
Since D"(e?®) = 27€?® or D7 — X" =27, we have
N 15e%® 15e2®  2*

This method also works for sin x, cos x, sinh z and others, and this is
because they are related to e*® via sinf = %(ew —e7) and coshx =
(e +e77)/2.

Higher-order differential equations can conveniently be written as a
system of differential equations. In fact, an nth-order linear equation
can always be written as a linear system of n first-order differential
equations. A linear system of ODEs is more suitable for mathematical
analysis and numerical integration.

11.5 Applications

We have studied the solution of ordinary differential equations. Let us
see how they are applied in modelling real-world problems.

11.5.1 Climate Changes

A simple CO2 model with a constant rate w of emission is governed by

2

% —&-pcil—?—l—qA:rw, (11.55)
where A(t) = C'— Ay is the excess CO2 concentration in the atmosphere.
That is the difference between the actual CO5 concentration C' above
the pre-industrial COs concentration Ay with an average value of Ay =
280 ppm. p and q are the combined reservoir transfer coefficients, and
r is a constant. This simple model is based on the models by Holter et
al and Keeling’s three-reservoir model for carbon dioxide cycle.
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By assuming that A = e* and substituting into the homogeneous
equation

24 dA
— 4t p— +4gA= 11.
oz T taA=0, (11.56)
we have
N 4ph+qg=0, (11.57)

whose solution is

_ P [ _ 4 I R
A = 2(1+ 1 p2), Aoy = 2(1 1 p2). (11.58)

For typical values of p = 1.007/year, ¢ = 0.0123 /year?, we have
A1 ~ —0.995, Ao &~ —0.0124. (11.59)
Therefore, the homogeneous solution can be written as
A = aeMt 4 bet2t, (11.60)

Since |A1]| > |A2|, the first term with e~** will become very small if ¢
is large. In climate dynamics, we are often dealing with the timescale
of hundreds of years, so we can essentially use the approximate solution

A~ bet2t, (11.61)

The particular integral A, can be obtained by assuming the form
A = K where K is the undetermined coefficient, we have dA/dt = 0,
d?A/dt? = 0, and

qK = rw, (11.62)

ot W
K=" (11.63)

q

Therefore, the general solution becomes

A= betet %. (11.64)

The typical timescale 7 for this system can be defined as 7 = 1/|Az| =
1/0.0124 ~ 80 years, so that the solution becomes

A=be ™ 4 %. (11.65)

Using the typical value of r = 0.884/year, and initial value A(0) = 0
ppm at ¢t = 0, and w ~ 0.014/year x Ay =~ 3.92 ppm/year (the esti-
mated level of emission in year 2000, equivalent to about 8.4 giga-
tons/year ), we have

bxe°+%:(), (11.66)
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or

Alt) = — (1 —e7t/7), (11.67)

or after plugging the numbers, we have
A(t) = 281.7(1 — e /89, (11.68)

So the long-term excess of CO2 will be 281.7 ppm, thus the actual
CO4 will be 281.7 + Ay = 561.7 ppm, which is about twice the pre-
industrial concentration. Even with this constant rate, we can reach
the maximum in 200 years. If the emission is increased to a higher
level at 20 gigatons/year (in the year 2100), then the equilibrium CO»
concentration will approach 670+ Ag = 950 ppm, and we can expect to
reach to twice the pre-industrial level more quickly. This simple model
shows that we have to reduce the CO; significantly over a long period.

11.5.2 Flexural Deflection of Lithosphere

The governing equation for the lithosphere deflection u under a load
P(z) can be written as

d*u
D3 +9(pm = pu)u = P(), (11.69)

where p,,, and p,, are the densities of the mantle and water, respec-
tively. g is the acceleration due to gravity, and D is the flexural rigidity
defined as

EH3

D=wa=y

(11.70)
where F and v are Young’s modulus and Poisson’s ratio of the litho-
sphere, respectively. H is the thickness of the lithosphere (see Fig.
11.2). A special case of the load variation is periodic, that is

2
P(x) = psghosin m (11.71)

A )
where A and hg are the typical wavelength and amplitude of the topo-
logical variations, respectively. ps is the density of the load.

Now let us solve this equation and also provide the appropriate
boundary conditions. The homogeneous equation becomes

Du"" + g(pm — pw)u = 0, (11.72)
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Figure 11.2: Deflection of the lithosphere as a thin shell.

whose characteristic equation (using u = e“*) becomes

Duw* + g(pm - pw) =0, (1173)
whose solution is
1
—9(pm = pw) 1% _ 2/ PP — Puw)
= |2 T =1/ 11.74
w [ 5 } 5 (11.74)
Since v/—1 =4 and
1
V=1=Vi=—(£1+1i), 11.75
\/5( ) ( )

and they correspond to four solutions

wa= (k) wse=(xis,  f= (L2l 47

where we have absorbed the factor 1/v/2 = ¢/1/4 into 3. We have the
complementary function

w = A BFiBT | Bo(—B=iB)r | o (B+iB)e | po(B-iB)e

= Ae P [cos Bz + i sin Bx] + Be P*[cos(—fx) + isin(—fw)]
+CeP*[cos B + isin Bz] + DeP*[cos(—Br) + isin(—Sz)]
= e P*[(A + B) cos(Bz) + i(A — B)sin(fz)]
+e7%[(C + D) cos(fz) + i(C — D) sin(fz)] (11.77)

where A and B are arbitrary constants. Here we have used sin(—fgz) =
—sin(fBx). This expression can be rewritten more compactly as

u = e P*[Pcos(Bz) + Q sin(Bz)] + €2 [U cos(Bz) 4+ V sin(Bz)], (11.78)

where P=A+ B, Q=4i(A—-B),U=C+D and V =i(C — D) are
the new constants.
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Since the amplitude of the deflection must be finite, the solutions
w3 4 are not possible because e’* — oo will grow exponential as x — oo.
Therefore, U = V = 0. Only solutions w; » are acceptable.

For the particular integral, let us try the form

e = g sin(%Tx). (11.79)

After substituting into the original equation, we have

21 4 2mx 2nx 2mx

DUO(T) Sin(T) + 9(pm — puw)uo Sin(T) = psgho Sin(T).

After dividing both sides by sin(27w2/)), we have

21

o [D(T)4 + 9(pm — pw)] = psgho, (11.80)

or

psgho ho
ug = — = —, (11.81)
[D(2T)4 + g(pm - pw)] —p[;g(z%)él + mespw)

which is the well-known Turcotte-Schubert solution.
So the general solution now becomes

u = e P¥[Acos(Bx) + Bsin(Bz)]

ho . 27z
+ [2(2zy4 4 (om—po)] ST (11.82)
Psg Ps

The constants A and B should be determined by boundary conditions.
If we are more interested in the deformation over a large scale, then x
is large. So 8 > 0 implies that e #* — 0 as © — oo. This means that
the particular integral is more important in this case.

Here we can discuss two asymptotic cases even without determining
A and B. From the above solution, we know that

D 2x

22y 11.
)=t (11.83)

defines a critical wave length A, called the flexural wavelength

(11.84)

If A > 1, we have

(11.85)
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which is essentially the solution at the isostatic equilibrium.
On the other hand, if A < A, we have

ho A
M~ he(2)t 0. (11.86)
(%)4 + (Pmp_spw) )\*

ug =

This means that the lithosphere is extremely rigid and the deflection
on the short wavelength is negligible.

11.5.3 Glacial Isostatic Adjustment

The behaviour of solid and/or molten rocks will be very different if we
look at them on different timescales. On a geological timescale, they
are highly viscous. In fact, viscosity is important for many phenomena
in earth sciences, including the mantle convection, post-glacier rebound
and isostasy. The last glacial period ended about 10,000 to 15,000 years
ago. During the ice age, thick glaciers caused the deformation of the
surface of the crust, thus depleting the mantle materials or causing it
to flow away. When the ice age ended, the retreat of the glacier would
lead to the rebound or uplift of the depressed crust, accompanied by
the flow back of the mantle materials. This process is similar to the
process of dipping a finger briefly in soft or liquid chocolate. As the
mantle is highly viscous with a viscosity of about 10%! Pa s, the rebound
is a very slow process lasting several thousands to tens of thousands of
years. This process is called post-glacial rebound, or glacial isostatic
adjustment.

The uplift is typically a few millimetres a year with a relaxation time
of a few thousand years for the post-glacial rebounds in north Europe
and north America. Under the assumptions that the uplift process is
similar to a viscoelastic relaxation process, the governing equation in
the simplest case can be written as

oh (h — ho)

T — (11.87)
where h is the uplift, and hg is the total amount of uplift which will
eventually be achieved as t — oco. 7 is the characteristic timescale of
relaxation or response timescale

S (11.88)
PmgA
where n and p,,, are the viscosity (or dynamic viscosity) and density of
the mantle, respectively. g is the acceleration due to gravity, and A is
the typical wavelength of the uplift.

Equation (11.87) is a simple first-order differential equation, its so-

lution can be obtained by direct integration if we use

z = h— ho, (11.89)
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which is the remaining uplift to be achieved. Since % = %, the gov-

erning equation (11.87) becomes

dz z
c__Z 11.
dt T’ (11.90)
which leads to
1 1 t
/—dz:—/—dt, or Inz=——+A, (11.91)
z T T

where A is the constant of integration. This gives
z= Be T, (11.92)

where B = e4. At t = 0, we have h(0) = 0 so that z(0) = B = —h,.
The solution now becomes

z=—hoe /", (11.93)
and the uplift is
h(t) =z + ho = ho(1 — e /7). (11.94)

Therefore, we have h — hgy as t — oo as expected.

From field observations, we now know that the relaxation time for
the Fennoscandian uplift in north Europe is about 4900 to 6750 years.
Let us see how equation (11.88) fits. From the typical values of = 10%!
Pa s, pm = 3300 kg/m3, A = 2000 km= 2 x 10% meters, and g = 9.8
m/s?, we have

L _dm
PgA
4m x 102!
3300 x 9.8 x 2 x 106

where we have used 1 year= 3.15 x 107 seconds. This is about right.

Conversely, if we know the relaxation time 7, we can estimate the
viscosity of the mantle. If we use the average 7 =~ 5500 years= 1.73 x
10! seconds, we have

~ 1.94 x 10" seconds ~ 6160 years, (11.95)

_ TpgA
 drw
173 x 10" x 3300 x 9.8 x 2 x 10°
- a7
which is a better estimate than 10! Pa s.
In addition, we could measure the uplifts i1 and hs at two different
times t; and to, respectively, we can calculate the ultimate uplift hg.
From any two observations

~ 0.9 x 10*' Pas, (11.96)

hy = ho(1 — e~ /7)), (11.97)
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and
hy = ho(1 — e /7)), (11.98)
we have
hy — hy = ho(e ™1/™ —e~t2/7), (11.99)
or L A
ho = (2 = h) (11.100)

(67t1/7' _ e*tQT) '
If we take the ratio of (11.97) to (11.98), we have

hi 1-— e_tl/T

h_2 - 1 _ e—tz/T’
which can be solved to get 7 by numerical methods such as the Newton-
Raphson method, to be introduced in the final chapter. Mathemati-
cally, this is achievable, but in practice, it is very difficult to determine
t1 and ty accurately. However, we can indeed measure the difference
At = to — t1 accurately. In this case, the better alternative is to use
the rate » = dh/dt of the uplift rather than the uplift itself.

By differentiating the solution (11.94), we have

dh _ ho iz

dt T
Again two observations of rates r; and 79 at two different times ¢; and
to, respectively, we have

(11.101)

(11.102)

h h
ro= ey = emte/T (11.103)
T T
whose ratio becomes
—t1/T
i e et e, (11.104)

79 e*t2/T
Taking logarithms and rearranging the equation, we have

oAt ot (11.105)
In(ri/re)  In(ri/r2)
This is a more useful formula to determine the response timescale.
Alternatively, if we know 7 and the current uplift rate, we can pre-
dict the uplift in the future. We know the current uplift rate in the year
2000 in north Europe is about rog00 = 0.9 cm/year. If we use 7 = 5500
years, we can estimate the uplift rate in the year 3000. Therefore,
At = 1000 years. From (11.104), we have

12000 _ oAt/7 _ £1000/5500 , 1 199, (11.106)
73000

which means
72000 - 09
1.199 1.199

3000 = ~ 0.75 cm/year. (11.107)



Chapter 12

Partial Differential
Equations

Ordinary differential equations are sometimes complicated enough, but
their applications are often limited as they only involve a single inde-
pendent variable. In earth sciences, quantities usually depend on many
other variables, and the governing equations for many geophysical and
geological processes are often expressed in terms of partial differential
equations (PDEs). PDEs are much more complicated than ordinary
differential equations. Here we will briefly introduce the fundamentals
of PDEs and focus on the linear heat conduction and diffusion equation
which are of importance in earth sciences.

While introducing the basics of PDEs, we will focus on the applica-
tion of PDEs to the heat transfer process modelling, outlining Kelvin’s
estimate of the age of the Earth, and the general solution of the cooling
of the lithosphere.

12.1 Introduction

A partial differential equation is a relationship or equation containing
one or more partial derivatives. Similar to the ordinary differential
equation, the highest nth partial derivative is referred to as the order
n of the partial differential equation. In general, we can write it as a
generic function ¢

2 2 2
blu,a,y, 2 O T Ou Tu |y, (12.1)

where u is the dependent variable, and z,y,... are the independent
variables.
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For example, the one-dimensional wave equation

Pu 0%

is a second-order partial differential equation. Here time ¢ and space x
are two independent variables, and u is the displacement. The constant
v is the wave speed. In many mathematical books, compact subscript
forms are often used to denote partial derivatives for simplicity and
clarity. That is u, = g—’;, Ugy = %, Uy = g—Z, Ugy = 63%5;, and so on
and so forth. Using such compact notations, the wave equation can be
written as

Ut = V2 Uy (12.3)

12.2 Classic Equations

There are different types of PDEs, and the three basic types for two
independent variables are based on the following general linear equation

0%u 0%u 0%u
aos + bax—ay + ca—y2 = f(z,y,u, ug, uy), (12.4)
where a, b and ¢ are known functions of z and y. In the simplest cases,
they can all be constants. Similar to the case of quadratic equations,
we define A = b% — 4ac.
If A > 0, the partial differential equation is said to be hyperbolic.
The wave equation

0?u 5 0%u
=02, 12.5
o2~ " 0 (12:5)
is a good example if we let t = y, a = v?, b = 0 and ¢ = —1. This

means A = 4v? > 0 and the equation is hyperbolic.
If A <0, the PDE is said to be elliptic. The Laplace equation

u  O*u
w + 8—y2 =0, (12.6)

is elliptic because A = -4 <0 duetoa=c=1and b=0.
If A = 0, the PDE is said to be parabolic. The heat conduction
equation
Ju 0%u
— =K=— 12.7
ot~ "oa? (12.7)
is parabolic as a = k, ¢ =0 for t =y and b = 0 so that A = 0.
These three types are the most commonly used in mathematical
modelling. There are other types such as the mixed type, as the coef-
ficient functions depend on x and y, and in different regions, they may
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take different values and the sign of A will change, and subsequently
the type of the equation will also change.

The classification of PDEs will usually provide some information
about how the partial differential equation behaves, and we can expect
certain behaviour and characteristics of the solution of our interest. For
example, the wave equation, as the name suggests, will support certain
travelling waves such as the vibrations of an elastic string, and the
acoustic vibrations of the air. In fact, almost all hyperbolic equations
will support some forms of waves under appropriate conditions. On the
other hand, for the parabolic equations when A = 0, the solution will
be smooth and any initial irregularity in the profile will be smoothed
out. This is typically the behaviour of diffusion and heat conduction.
For example, the sugar concentration in a cup of coffee will tend to
become uniform after some time, and the temperature of a swimming
pool will tend to be uniform to some degree. In the rest of this chapter,
we will discuss the heat conduction equation in more detail as it is very
important in earth sciences.

There are many methods for solving partial differential equations,
including separation of variables, Fourier transforms, Laplace trans-
form, Green’s functions, similarity variables, spectral methods, and
others. In the rest of this chapter, we will only introduce the solution
of heat conduction equations and its application in the modelling of
the cooling process of lithosphere.

12.3 Heat Conduction

Suppose we are interested in the cooling of the lithosphere. In this
case, we are only interested in the one-dimensional case of how the
temperature 7' varies with time ¢ and the depth z (see Fig. 12.1). We
know that the governing equation is the classic heat conduction

oT 0T

where k£ = K/pc,, is the thermal diffusivity, and K is the heat conduc-
tivity. p is the density of the lithosphere and ¢, is the specific heat
capacity. The domain of our interest consists of ¢ > 0 and 0 < z < oc.
The boundary condition at z = 0 is that the temperature is con-
stant. That is, T = T, at z = 0. The temperature at the other
boundary where z — oo should approach the temperature T, of the
underlying mantle. In this problem, we can assume that the initial
temperature is T'(z,t = 0) = T5. We know that x has a unit of m?/s,
so kt has a unit of m?. This means that v/t defines a length as its unit
is m. Therefore, the ratio z/v/kt is dimensionless, which is convenient
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T:TG

lithosphere

z

T— T,

Figure 12.1: Heat conduction in 1D.

for mathematical analysis. In fact, we can define a similarity variable
z

Vikt

where the factor 4 is purely for convenience to avoid a factor 1/2 ap-
pearing everywhere in the end equation. Now we have T'(z,t) = f({).
Using the chain rules of differentiations

of OfdC 1 Of O*f 0COCAf 1 L0f 1 &f

92 0C0: VAR OC 02 0:0: 00 \vami) 902 dnt B0

and

¢= (12.9)

of _ofoc = (_lt—i%/?)a_f: —z 9f _ _<9f (12.10)
ot 9C ot ik 2 0¢  2t\/4xt O¢ 2t ¢’ '
we can write the original PDE (12.8) as
C / K 1"
—=f=— 12.11
5l =1l (12.11)
where we have used f' = j—’; = g—é and f"” = Cdl%{ = g%ﬁ: because

f(¢) depends on ¢ only, and the partial derivatives and the standard
derivatives are the same.
The above equation can be rearranged as

I
7= (12.12)

The chain rule of differentiation implies that (Iny(x)) = (1/y(z))y'(z).
Replacing y(z) by f’ or letting y(z) = f/, we have (In f") = f"/f".
Integrating the above equation once, we get

Inf =—-¢*+C, (12.13)
where C' is the constant of integration. This again can be written as

f=Ke <, (12.14)
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1.0 __erf(x)
0.5 1+

-4 -3 -2 -1/ 1 2 3
—-1.0 +

Figure 12.2: Plot of the error function erf(x).

where K = €% is a constant. Integrating this with respect to ¢, we
have -

T= = Aerf + B, 12.15

Q) = Aerf(— ) (12.15)

where A = K+/7/2. Here A and B are two undetermined constants.
The error function is defined by

2 * 2
erf(z) = —/ e ¢ dC. (12.16)
VT Jo
From its definition, we know that erf(0) = 0. At infinity, we have

erf(co) — +1, asz — +oo, erf(co) — —1, asz — —oo. (12.17)

o) _ 2
We know these are true because fo e vdr = @

Using the boundary condition T' =T at z = 0, we have
Averf(0) + B =T, (12.18)

which gives B = T,. From the far field boundary T = T, as z — oo,
we have

Aerf(oo) + B=A+ B =1T,,. (12.19)

In combination with B = T, we have A = T, — Ts. Therefore, the
final solution for the temperature profile becomes

z

VAakt

Example 12.1: William Thomson (later Lord Kelvin) was the first to
estimate the age of the Earth from physical principles. By assuming that
the Earth is a half-space with the condition that the temperature tends
to Ty at infinite depth z — o0, the solution of the temperature can be
written

T(z,t) =Ts + (T — Ts)ert(

). (12.20)

z
T = Tye f(—)
oet 2V Kt
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where z is the depth, and erf(() is the error function. Using ( = 2\}
and dT/d¢ = d[Z2 [ Ce=¢*dc)/d¢ = Zhe=¢" [see (12.23)], the thermal
gradient can be calculated by

or oro¢ 2Ty 2 1 Ty

=£—a—ca—ﬁe QM_\/ﬂnte

At the Earth's surface z =0 and ¢ = 0, we have G =

and the heat

F
_ _poor _ _ KTy

flux @ = —K 3; Iy 2 We know the observed heat flux @ or

temperature gradient today; the age of the Earth is

(TO/G)Q.

TR

t~

Kelvin in 1863 used the measured values at that time x ~ 1.2 x 1076
m?2 /s, Ty = 3900°C, and G = 36°C/km=0.036°C/m, he estimated that
B (i’)900/0.036)2 N 15 N
t= Tx12x106 "~ 3.1 x 107 seconds ~ 98.7 Ma,

where we have used 1 Ma = 1,000,000 x 365 x 24 x 3600 = 3.15 x
1013 seconds. Taking account of the uncertainties of these measurements,
Kelvin set a limit of 24 Ma to 400 Ma on the age of the Earth. Obviously,
this greatly underestimated the age of the Earth, but such calculations
were a significant progress at that time.

12.4 Cooling of the Lithosphere

Now we investigate further in modelling the cooling process of the litho-
sphere near the mid-ocean ridge (see Fig. 12.3).

The solution to a heat conduction problem in a semi-infinite domain
usually takes the form

T =T, + (T — Ts)erf(%m), (12.21)

where T is the temperature at z = 0, and 7}, is the temperature of
the mantle.
The thermal gradient at z = 0 can be calculated by

or _ 0T

g=—K 3¢ o (12.22)
2]
Since 8§ = \}H and
derf(() 2 9 [¢ 2,1 2 _o
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Figure 12.3: Cooling and depth variations of the lithosphere
near the mid-ocean ridge.

we have

q= _K(Tm_TS)G*CQ _ K(Tm_TS)€7z2/4nt.
VKt VKt

The negative sign highlights the fact that the heat flow is upwards in

the opposite direction of z. We are concerned with the value at z = 0,
 K(Tm—T,)

(12.24)

therefore we have go = q|z:0 = o

For practical application, we can set Ts = 0 for the Earth if we use
T in degrees, not in terms of the absolute temperature. Then, we have

T=T, f( : ) KT (12.25)
= Therf( ——=), == .
2kt @ Tkt

For a given time ¢, we can estimate the heat flux. Conversely, if we
know the value of the heat flux, we can estimate the age of the litho-
sphere. This equation is also the basis for the first estimation of the
age of the Earth by Lord Kelvin. In addition, we can also estimate the
temperature T}, once we know the age and the heat flux.

It is observed that the depths of the ocean near the mid-ocean ridge
vary with time and also the distance from the ridge. The depth varia-
tions d(t) relative to the depth of the mid-ocean ridge dy are adjusted
according to the isostatic balance between the mass deficiency caused
by (pm — pw)gd and the density increase by the cooling of the litho-
sphere at any z = L and L — oo. Here p,, and p,, are the densities of
the mantle and water, respectively. That is

L
(Pm — pw)g(d —do) + / apm (T —Tp)gdz =0, (12.26)

0
where « is the coefficient of thermal expansion. Using (12.21), we have

Py

L z L z
d=d —&-7/ T, — Ts)erfc| —= Jdz=d, —|—A/ fc| —= )dz,
) Jy (o Tl Y=o et 7 )
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Ty — T, . .
where A = %, and erfc is the complementary error function,

defined as erfc(¢) = 1 — erf(¢). In order to integrate ferfc(—Qjﬁ)dz,

we now use the integration by parts for the case of L — oo

1= /000 erfc(Q\jE)dz.

Let v/ =1 andu:erfc( 2 ), we have v = z and

2Vkt
Ju 8erfc(2\;g> a1 — erf(w%)] | e
du _ _ S e (12.27)
dz 0z 0z VKt

We then have

I= /OOO erfc(%jﬁ)dz = [zerfc(%m)}zo — —\/%)/OOO ze=<dz.

Since erfc(oo) = 1 — erf(co) = 0, 2/2vVkt = ¢ and d¢ = dz/2V/kt, we
have

—~

_ou W e
I=0+ ﬁ/o e d¢. (12.28)

Using the integral

o 1 [ 2 1 2700 1
ay = [ e rdy) =5[] T =2 12.29
/0 ye ¥ dy 2/0 edy) =5 -] =5 )

we have

4kt 1 2kt
=R - oV (12.30)
VT 2 VT
Therefore, we finally have the solution
t 200 (T — Ts t
d:d0+(2A,/’i):do+M = (12.31)
m (Pm — puw) T

This is the Parsons-Sclater formula for bathymetry. Using the typical

values of Ty = 0°C, k = 8 x 107" m?/s, T}, = 1350°C, a = 3 x 107°/C,

pm = 3000 kg/m3, p,, = 1025 kg/m3, and dy = 2500 m, we have

2 x 3 x 10° x 3000 x (1350 — 0) /8 x 07 5
(3000 — 1025) 0

= 2500 4 6.209 x 107°V/¢, (12.32)

where t is in seconds. If we convert it to the unit of million years,
we have to multiply a factor of 365 x 24 x 3600 x 10° = 3.15 x 10'3.
Therefore, the final formula becomes

d = 2500 + 6.209 x 107°1/3.15 x 1013¢ ~ 2500 + 348.5v%,  (12.33)

where ¢ is in Ma. This formula is almost the same as the best fit to
bathymetry data d = 2500 + 350~/ for t < 70 Ma.

d = 2500 +




Chapter 13

Geostatistics

Statistics, especially geostatistics is an important toolset for earth sci-
ences. It concerns the data collection and interpretation, analysis and
characterisation of numerical data and design and analysis of sampling.

In this chapter, we will briefly introduce the fundamentals of statis-
tics. We will then apply the introduced techniques to study the prop-
agation of errors, linear regression of earthquake data, and Brownian
motion including diffusion process.

13.1 Random Variables

13.1.1 Probability

When we conduct an experiment such as tossing a coin or recording the
outside noise level, we are dealing with the outcomes of the experiment.
For the tossing of a coin, there are only two possible outcomes: heads
(1) or tails (0). If we toss 2 coins at the same time, we want to see how
many heads may appear. If we use X;(¢ = 1,2) to represent the values
of the outcomes of the two coins, we have

X1+ Xo, (131)

to represent the number of heads. Here X; are the random variables.
Since they only take discrete values 0 and 1, they are also called discrete
random variables. Other examples of discrete random variables include
the number of cars passing through a junction in a day, the number of
phone calls you received in a week, the number of major earthquakes
in the world in a year, and the number of rock samples you collected
during a field trip.

On the other hand, the noise level Y can take any values within
a certain range. This random variable is called a continuous random
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variable. Other continuous random variables are the temperature vari-
ations in a year, the stress variations in an earthquake zone, and the
velocity of a drifting plate.

The set of all the possible outcomes forms the sample space, and
the elements of a sample space are called outcomes. Each subset of
a sample space is called an event. For example, rolling a die has 6
possible outcomes, so the sample space is simply the set of all the
possible outcomes: Q = {1,2,3,4,5,6}. An event such as A = {2,3,5}
is the event that corresponds to the case when the face values of the
die are prime numbers.

Probability P is a number or an expected frequency assigned to an
event A that indicates how likely it is that the event will occur when a
random experiment is performed. In order to show the probability P
is associated with event A, we usually write this probability as P(A).
If we conduct a large number of fair trials such as tossing a coin 5,000
times, the probability of an event such as heads can be calculated by

N4 (number of outcomes in the event A)

P(A) = (13.2)

Ngq (total number of outcomes)

The total sum of all the probabilities of all the possible outcomes must
be 1. For example, if we toss a coin 5000 times, the heads appear
2507 times. The probability of heads is P(H) = 2507/5000 = 0.5014.
As there must be (5000 — 2507) = 2493 tails appear, the probability
of tails is P(T) = 2493/5000 = 0.4986. The total probabilities are
P(H)+ P(T) = 0.5014 + 0.4986 = 1.0.

Two events are said to be independent if one event is not affected
by whether or not the other event occurs. In this case, the probability
P of both events occurring is the product of individual probabilities

P = P(A)P(B), (13.3)

where P(A) and P(B) are the probabilities for events A and B, re-
spectively. For example, if we toss a coin and roll a die at the same
time, what is the probability that both a head and the number 5 oc-
cur? Let A be the event of a head, and B be the event of number 5 as
the outcome of rolling a die. We have P(A) = 1/2 and P(B) = 1/6,
therefore we have the probability of both events occurring at the same
time P = P(A)P(B) = (1/2) x (1/6) = 1/12.

Each value or outcome of a random variable may occur with certain
probability, and the probability may vary. In this case, we use a proba-
bility density function p(z) to represent how the probability varies with
x. If there are n possible outcomes z; for a discrete random variable,
we have

> plzi) =1. (13.4)
i=1
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The function p(x) is also known as the distribution function. When
the variable is discrete, the distribution is called discrete distribution.

If a random variable is continuous, the probability function f(z) is
usually defined for a range of values x € [a, b]. The probability is often
associated with an interval (rather than a distinct value) (x,x + dz]
or the random variable takes the value x < X < x + dx where dz is a
small increment. The convention we used here is that we use the Roman
capital letter to denote the random variable and its corresponding small
lower case to denote its values.

The probability function for a continuous random variable is also
called the probability density function (pdf). In this case, all the prob-
abilities should be added to unity. That is

/bp(x)dx =1. (13.5)

A good example of discrete distribution functions is the Poisson distri-
bution N
ANe™
p(k;A) = R
where £k = 0,1,2,3,... and X is the parameter of the distribution. An
excellent example of continuous distribution functions is the Gaussian
or normal distribution

(A > 0), (13.6)

(@) = — o <z< (13.7)
x) = e 22, —c0 <z <00 .
P oV 2

where z is continuous. p and o are two parameters. The normal distri-
bution with g = 0 and o = 1 is called the standard normal distribution.

13.1.2 Mean and Variance

Two main measures for a random variable X with a given probability
distribution function p(z) are its mean and variance.

The mean g is also called the expected value of the distribution,
denoted by F[X] and is defined by

p=EX)= /xp(m)dw, (13.8)

for a continuous distribution and the integration is within the integra-
tion limits. Other notations such as < X >= X are also interchangeable
with p. If the random variable is discrete, then the integration becomes

the summation
W= Z:clp(xz) (13.9)
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The variance, denoted by 02 = var[X] is the mean of the deviation
squared (X — p)?. That is

o? =var[X] = E[(X — p)?] = /Q(z — p)*p(x)de, (13.10)

where () is the sample space. The square root of the variance ¢ =
var[X] is called the standard deviation, which is denoted by the
symbol o. Obviously, for a discrete distribution, the variance simply

becomes a sum
o = (x— p)’px:). (13.11)

The mean and variance of the Poisson distribution are both A.

Example 13.1: Let us now try to calculate the mean and variance of
the normal distribution
1 _@-w?

p(x) = e, —00 < x < +00.
oV 2w

The mean is given by
E[X] :/ xp(z)dz.

By setting u = x — p, we have x = u + p and du = dz. In addition,
the infinite limits of the integration remain the same by shifting any finite
amount p. The above equation becomes

1

oV2r

1

ElX]= oV 2T

/ (u+ p)e™ /27 du = (I + pla),
—oo

where
o0 2 2 2 o0 2 2 2
I :/ ue W /29 du, I :/ e U2 gy
—o00

—0Q0

Using

2 v 2
erf(z) = —/ e du,
VT Jo
and letting v = u/\/ia, we have

I, = 0\/5/ e dy = oy/7/2 erf(v)

oo

= oV 2m,

— 00

where we have used erf(co) = 1 and erf(—o0) = —1.

Similarly, from udu = %d(u?), we have

o0 1 (o)
I =/ ue /%7 dy = 5/ e /27 d(u?)

— 00
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o0 2 2
= 0/ eV dv?: =cge

— 00

o0

=0.

— 00

Therefore, the mean becomes

Blx] = L2

021

The variance is given by var[X] or

o 1 o0 2 2

E _ 2:/ _ 2 d :—/ - 2 —(z—p)*/20 dr.

[(z — p)7] _Oo(x w) p(z)dz or 700(117 p)7e T

Setting w = (z — u)/\/ﬁa, we have dx = o+v/2dw, and we have
V20202 [ 202 [ 5 .2

= — we” " dw.
oV2r J_so VT ) o

Using the result given in an earlier example in the chapter on integration

o0
/ w2e ™" dw = g,

o2
w?e ™ dw =

var[X]

— 00

we have
20'2 ﬁ 2
= —-—=0".
VT 2
This proves that the mean of the normal distribution is p and the variance
is o2 so that the standard deviation is o.

var[X]

If we know the distribution function, it is always possible to calcu-
late its mean and variance, though the integration is not an easy task.
In earth sciences, we have often collected a lot of data, but we do not
know exactly what the distribution is. In this case, we have to deal
with sample mean and sample variance.

13.2 Sample Mean and Variance

If a sample consists of n independent observations x1, x2, ..., , on
a random variable X such as the noise level, the sample mean can be
calculated by

1 & 1
7= E;azi = E(xl +To + o+ Th), (13.12)

which is the arithmetic average of the values of the data x;.
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The sample variance is defined by

g2 = 1 > (zi—2) (13.13)

n—-13

It is worth pointing out that the factor is 1/(n—1) not 1/n because only
1/(n — 1) will give the correct and unbiased estimate of the variance.
The other way to think about this factor is that we need at least one
value to estimate the sample mean, and we need at least two values
to estimate the variance. Therefore, for n observations, only (n — 1)
different values of variance can be obtained to estimate the total sample
variance.

Example 13.2: The average drifting velocity of the tectonic plate can
be estimated using the data from Hawaiian Islands, formed as a result of
a series of volcanic eruptions by a giant hot spot. The distance data are
as follows: Kauai to Oahu is about 180 km with an age difference of 1.9
Ma (million years); Oahu to Molakai is 120 km with an age difference of
1.27 Ma; Molakai to Maui is 80 km with an age difference of 0.7 Ma; and
Maui to Hawaii is 125 km with an age difference of 1 Ma. So the velocity
of the plate movement from Kauai to Oahu is
v= %l = % m/year =~ 0.095 m/year = 9.5 cm/year.
Similarly, other velocities are 9.4, 11.4, 12.5 cm/year.
The mean velocity of this plate movement is

1
U= 1(9.5 +9.4+4+11.44 12.5) = 10.7cm/year.
The variance of the velocity (for n = 4) is

1
o? = var[v] = 1105~ 10.7)% + (9.4 — 10.7)?

1
+(11.4 —10.7)% + (12.5 — 10.7)?] ~ 3 X 6.86~23.
Therefore, the standard deviation is 0 = /2.3 &~ 1.5 cm/year.
13.3 Propagation of Errors

Any experiment will have measurement errors or uncertainty. There
are two main type of errors: system errors, and random errors. System
errors are errors that are systematic, either known or unknown, which
will affect the measurement or observations in a systematic way. System
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34.15%| 34.15%

—20 —0 +o 420

Figure 13.1: Standard deviation and confidence interval.

errors can be reduced by good design of experiments and analysis of
contributing factors. Random errors are undeterministic, which are
unavoidable but can be minimised by using higher-precision equipment.

The words ‘errors’ and ‘uncertainty’ are almost synonymic and thus
interchangeable. However, we often use uncertainty to chacterise the
variations of errors, while we use errors to measure the difference be-
tween the measured and the true value. Since the true value is rarely
known, the errors are not easy to estimate. There are two ways to
define errors: absolute error and relative error.

The absolute error is simply the difference between the observed
and the true value or expected value. For example, we know that
density of water is 1000 kg/m? (expected value) at room temperature.
If we get a value of 990 kg/m? in an experiment, then the error of this
experiment is 990 — 1000 = —10 kg/m3. The relative error is the ratio
of the difference divided by the expected value. Therefore, the relative
error in this experiment is | — 10|/1000 = 1%. The percentage error is
the relative error times 100%. The advantage of relative errors is that
they have no units.

In statistics, we often use the standard deviation o, to characterise
the uncertainties or errors of the quantity y. The standard way to write
the results of measurements is

Y =y £ 0oy, (13.14)

where i, is the mean. For example, if we measured the acceleration of
gravity at the Earth’s surface at a particular location is 9.80m/s? with
an uncertainty or standard deviation of 0.05 m/s?, we write

g =9.80 £ 0.05 m/s2. (13.15)

It is worth pointing out that the form should contain the meaningful
significant figures. In this case, we should not write it as g = 9.800 +
0.050 or 10 £ 0.05.

The standard expression j, + oy is associated with the confidence
interval (see Fig. 13.1). This expression suggests that there is about
68.3% of chance that the observations will be in this range. The reason
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is that the total area under the normal distribution curve is 1, and the
area under the curve between —o to +o is

A 7 1 _1_2/2026[ 2
= —€ T =
—o OV 2T oV 2w

z/202

e /20" g, (13.16)

where we have used the fact that e™
U = :c/ﬁa, we have dx = v/20du so that

is an even function. Using

1/V2 , 9 vz o
V20e du:—/ e du=erf(1//2), (13.17)
VT Jo

N

which is about 0.6827. This means that there is 0.6827 ~ 68.3% chance
that the data will fall in the range of [y, — oy, ty +0y]. In other words,
there is about 34.15% chance that it will be in the range from p, to
ty + 0y, and the same chance in the range from p, — oy to p,,. Another
way of saying this is that the confidence level is 68.3%. If we write
the results as p, + 20y, then the confidence level now becomes 95.4%
due that the fact that the area under the curve between —20 to 20 is
erf(v/2) ~ 0.954.
For a given variance o, of x for n data points

1
2 _ 2
0 =7 E_l (z; — Z)°, (13.18)

where Z = %E?:l x; is the sample mean of z;(i = 1,2,...,n), we can

calculate the variance of a function y = f(x). We know from the basic

definition that .
Z (13.19)

where f is the mean and f; = f(2;). Using Af = %Aax = f'Az and
setting Af = f; — f, we have

o2 =
f_

(13.20)

1 < df 1 < o df
o2 = 3 [(a:i )dz} = —=Y (@ — @)% (1321)
In the case of % is independent of x; or if we evaluate the derivative
at r = u, =~ r, we have

o} = (jﬁ)nLZm—fﬁ— (;b;) (13.22)
i=1
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where |; means that derivative is evaluated using x = Z. This is the
formula for error propagation.

If there are measurements of two independent variables x and y,
we can derive similar formulae for the propagation of errors for any
function z = f(z,y). From the total derivatives, we know that

N af
8:0 5‘y
Setting Af = (f; — f), Az = x; — T and Ay = y; — § where 7 is the

mean, we have

Af = (13.23)

R of
(Fi= D) =@ - D5+ - 05 (13.24)
Taking the squares and sums, we have
1 n n B (9f 2
n_IZ(fz 1 [ (yz_y)a_y

i=1 =1

i f

- - = (i - ﬂ)Q(g)2 + % 2 (@i @) - y)g—ig—‘;. (13.25)

=1 1=1

By defining the covariance of x and y as

n

> (@i = 2)(yi — 1), (13.26)

=1

1

Ogy = ——
Yoon—1

and evaluating the derivatives at * = z and y = y, we then have

_ a2 2,0f of ofof
U’%_n—lizl(fz Py (893) + y(ay " ox Oy

)2 + 20, . (13.27)

In the case when z and y are independent so that o, = 0, we have

20 2 | 2,0f 2

o7 = (39:) +o (8y) (13.28)

For example, if z = kx®y” where k, o and 3 are constants, we have
02 = o2(kax*"tyP)? + o, (k’ﬁmayﬁ hH2, (13.29)

Dividing both sides by 22 = (kz“y”)? and evaluating the derivatives
at T = g, ¥y = iy and z = p., we have the relative errors
Oz

2 _ 2 @
(27 = o+ (7

Qo

)2. (13.30)
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Example 13.3: An experiment gives the following empirical equation

with 0, = 0.3 and 0, = 0.4. Thatisz =25+03 and y = 1.0 £ 0.4.
What is the standard deviation o, of z = f(z,y)? We know that 92 =1,
and g—; = —1. From (13.28), we have

9 5,0z

0, = U;c(%

)
)2+ aj(a—;)Q =0.32 x 12+ 0.42 x (—1)2 = 0.25.

Therefore, the standard derivation o, is o, = 1v/0.25 = 0.5. As the mean
wy=2.5—-1.0=1.5, we have z = 1.5+ 0.5.

As a further example, let us estimate the speed of sound using v = s/t.
From (13.30), we have &« = 1 and § = —1. If the measured distance is
s = 500 £ 25 m, and the time taken is 1.50 = 0.10, we then have

o 1x25 —1x0.10
- = 2 2 2 v/0.0069 = 0.08.
oy \/( 500 RS 1.5 )

As 1, = 500/1.5 = 333, we now get o, = pi,, X 0.08 & 27. Therefore, we
have v = 333 + 27 m/s.

If we have N observations for the same quantity x each with the
same uncertainty o,, we have

S ]“;_ TN (13.31)
Since g—z =1/N, we get
ou ou 1 1 o2
2_ 2 2 2 2_ 2,192 2,12 Og
=0, (= — ) '=0,(= —)'=—=, (13.32
PGP 4+ G P e+ A= T (13.32)

which implies that o, = 0,/vN. That is to say, more measurements
will reduce the error in the mean, though the standard derivation o,
remains the same.

13.4 Linear Regression

For experiments and observations, we usually plot one variable such as
pressure or price y against another variable x such as time or spatial
coordinates. We try to present the data in such a way that we can see
some trend in the data. For a set of n data points (x;,y;), the usual
practice is to try to draw a straight line y = a+ bx so that it represents
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Figure 13.2: Least square and the best fit line.

the major trend. Such a line is often called the regression line or the
best-fit line as shown in Figure 13.2.

The method of least squares is to try to determine the two param-
eters a (intercept) and b (slope) for the regression line from n data
points. Assuming that x; are known more precisely and y; values obey
a normal distribution p(y;) o< exp{—[y; — f(z;)]?/202} around the po-
tential best fit line with a variance o2, the best fit can be obtained by
maximising the likelihood P defined as

P =p(y1) x p(y2) X ... X p(yn)
n 1 n
= [Ipw) = Aexp{ = 55>l — f@)* . (13.33)
i=1 i=1
where A is a constant, and f(x) is the function for the regression
[f(z) = a + bx for a simple linear regression].
The essence of the method of least squares is to maximise the prob-
ability P by choosing the appropriate a and b. The maximisation of P
is equivalent to the minimisation of the exponent v

n
o= [y — fx:))* (13.34)
i=1
We see that 1 is the sum of the squares of the deviations €? = (y; —
f(x;))? where f(z;) = a + bz;. The minimisation means the least sum
of the squares, thus the name of the method of least squares.
In order to minimise 1 as a function of @ and b, its derivatives should
be zero. That is

- = —22 (a+bx;)] =0, (13.35)

and

— —221’1 yi — (a + bx;)] = 0. (13.36)
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By expanding these equations, we have

na—&—bixi = iyi, (13.37)
i=1 i=1
and . . .
ain + be% = Zziyi, (13.38)
i=1 i=1 i=1

which form a system of linear equations for a and b, and it is straight-
forward to obtain the solutions as

1 n n
=D yi—bY wl=g-bz, (13.39)
=1 =1

ny il Tili — (Z? 1) Qo i)
ny g wi = (o, wi)? ’

Z §= %Zy (13.41)

=1

b=

(13.40)

where

:IH

If we use the following notations

K, = zn:xi, K, = Zn:ym Kyz = Zn::cf, Kyy = Zn:IEz‘yi, (13.42)
=1 i=1 i=1 i=1

then the above equations for ¢ and b become

KooKy — Ko Kay nKzy — K Ky
T K, — (K,)? nK o — (K,)? (13.43)
The residual error is defined by
€ =y — (a+ bxy), (13.44)

whose sample mean is given by

1 1 1 ¢ _ ,
;Le:E;ei:Eyi—a—bﬁgxi:y—a—bx:& (13.45)

The sample variance S? is

(a + bx;))?, (13.46)

where the factor 1/(n —2) comes from the fact that two constraints are
needed for the best fit, and the residuals therefore have n — 2 degrees
of freedom.
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13.5 Correlation Coefficient

The correlation coefficient 7, , is a very useful parameter for finding
any potential relationship between two sets of data z; and y; for two
random variables x and y, respectively. For a set of n data points
(x4,y:), the correlation coefficient can be calculated by
Ty = , .
Vi o — (i w2 o vf — (2 i)

Tyy =

or

, (13.48)

where Ky, = >0 | y2.

If the two variables are independent, then 7, = 0, which means
that there is no correlation between them. If r2 == 1, then there
is a linear relationship between these two variables. r,, = 1 is an
increasing linear relationship where the increase of one variable will
lead to increase of another. 7., = —1 is a decreasing relationship
when one increases while the other decreases.

Example 13.4: Let us try to estimate the b-value in the Gutenberg-
Richter law using the data from the Southern California Earthquakes. The
numbers of earthquakes from 1987 to 1996 in this region are as follows:
Magnitude above M =3 4 5 6 7
Total numbers N = 5454 561 64 9 1
In order to fit
log,o(N) = a+ bM,

we first have to convert IV into log;y IV, and we have
y; = log o N =3.737 2.749 1.806 0.954 0.
Then, we have

5 5
Ko=Y Mi=3+4+5+6+7=25  K,=Y y =9.246,
=1

=1
5 5
Ko =Y M7 =3"+4>45>+6>+7> = 135, K, = > y’ =25.694,
i=1 i=1

and K, = >0, My; = 36.961. Therefore, we have

KooK, — KoKy 135 x 9.246 — 25 x 36.961
= = ~ 6.4837
T K. — (K,)? 5 x 135 — 252 ’

and

nkK,, — K,K, 5x36.961 —25x 9.246
= v — ~ —0.9269.
K — (K,)? 5 x 135 — 252

b
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4 1logy(N)
3 4
2 4
log,o(N) =a+bM
1 4
M
0 | | Nt
2 4 6 8

Figure 13.3: Estimating b-value by the best fit to data.

Finally, the correlation coefficient defined by (13.48) becomes

. 5 % 36.961 — 25 x 9.246 ~ —0.9997.

V(5 x 135 — 252)(5 x 25.694 — 9.2462)

This indeed implies a very strong correlation. The best fit relationship
becomes log,y (V) = 6.4837 — 0.9269M (see Fig. 13.3).

There are many important techniques in geostatistics. For example,
kriging is a very important tool for analysing the data with spatial
correlation and it will provide a good prediction for missing data and
interpolation. Interested readers can refer to more advanced literature!.

13.6 Brownian Motion

Einstein provided in 1905 the first theory of Brownian motion of spher-
ical particles suspended in a liquid, which can be written, after some
lengthy calculations, as

kp t

Azt
T 3mpa’

(13.49)

where a is the radius of the spherical particle, and u is the viscosity of
the liquid. T is the absolute temperature, and ¢ is time. kg = R/Ny4
is Boltzmann’s constant where R is the universal gas constant and N 4
is Avogadro’s constant. A2 is the mean square of the displacement.

1For example, Yang, X. S., Mathematical Modelling for Earth Sciences, Dunedin
Academic, (2008).
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Langevin in 1908 presented a very instructive but much simpler
version of the theory. If u is the displacement, and & = % is the speed
at a given instant, then the kinetic energy of the motion should be equal
to the average kinetic energy %l{BT.2 That is %mg_? = %kBT, where m
is the mass of the particle. The spherical particle moving at a velocity
of £ will experience a viscous resistance equal to —6mpal = —67maili—7;
according to Stokes’ law. If F(t¢) is the complementary force acting
on the particle at the instant so as to maintain the agitation of the
particle, we have, according to Newton’s second law

2
m(fng = fﬁwuaz—? + F. (13.50)

Multiplying both sides by u, we have

d*u d*u
mu-—g = —67waum + Fu.

IS
—~~
—_
w
at
=
~—

: 2N o o 2 d?u _ 1d°w?) duy2 _ 1 d [d@®) 2
Since (u?)"/2 = wu" +u* or uGEt = 39 — (51 = 545 |~ | =&

we have
d(u?)

—mé? = —3mpa—g—+ Fu, (13.52)

m d d(u?)
Eﬁ{ dt ]

where we have used uu’ = (u?)’'/2. If we consider a large number of
identical particles and take the average, we have

NME

2 _ du?) —
% {d(d“t )} —me2 = —37wad(z;t ) | T, (13.53)

where () means the average. Since the average of Fu = 0 due to the
fact that the force is random, taking any signs and directions. Let

Z = d(u?)/dt, we have

m dZ
—_— Z = T 13.54
2dt+37r,ua kpT, (13.54)

where we have used m§_2 = kpT discussed earlier. This equation is
now known as Langevin’s equation. It is a linear first-order differential
equation. Its general solution can easily be found using the method
discussed in the chapter on differential equations
1

-

Ze=Ae ™7 + kpT —, = 7
3Tpa 6mpa

(13.55)

2Here Langevin considered only one direction. For three directions, the kinetic
energy becomes %kBT, thus there is a factor 3. This means that equation (13.59)

should be u2 = 6Dt.
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where A is the constant to be determined. For the Brownian motion
to be observable, ¢ must be reasonably larger than the characteristic
time 7 =~ 1078 seconds, which is often the case. So the first term
will decrease exponentially and becomes negligible when ¢t > 7 in the
standard timescale of our interest. Now the solution becomes

d(u?) 1

Z = =kpgT . 13.56

dt B 3mua ( )
Integrating it with respect to ¢, we have
— t

2=kgT 13.57

“ BE 3npa’ ( )

which is Einstein’s formula for Brownian motion. Furthermore, the
Brownian motion is essentially a diffusion process, and the diffusion
coefficient D can be defined as

kT
D = , 13.58
6mua ( )
so that we have o
u? = 2Dt. (13.59)

This suggests that large particles diffuse more slowly than smaller par-
ticles in the same medium. Mathematically, it is very similar to the
heat conduction process discussed in earlier chapters.

We know that the diffusion coefficient of sugar in water at room
temperature is D ~ 0.5 x 107 m?/s. In 1905, Einstein was the first
to estimate the size of sugar molecules using experimental data in his
doctoral dissertation on Brownian motion.

Let us now estimate the size of the sugar molecules. Since kp =
1.38 x 1072 J/K, T =300 K, and p = 1072 Pa s, we have

kT 1.38 x 10723 x 300

- = ~4.4x10710 13.
T 6ruD ~ 6m x 1073 x 0.5 x 109 x 107" m,  (13.60)

which means that the diameter is about 8.8 x 1071 m= 8.8 nm. In fact,
Einstein estimated for the first time the diameter of a sugar molecule
was 9.9 x 1071% m even though the other quantities were not so accu-
rately measured at the time.

From u2 = 2Dt, we can either estimate the diffusion distance for a
given time or estimate the timescale for a given length. For a sugar cube
in a cup of water to dissolve completely to form a solution of uniform
concentration (without stirring), the time taken will be ¢t = d?/2D,

where d = \/ﬁ is the size of the cup. Using d = 10 cm= 0.1 m and
D = 0.5 x 1072 m2/s, we have t = 0.12/(2 x 0.5 x 107%) ~ 1 x 107
seconds, which is about 3 months. This is too slow; that is why we
always try to stir a cup of tea or coffee.



Chapter 14

Numerical Methods

The beauty of an analytical solution to a problem is that it is accu-
rate and often provides some insight into the main process of interest.
However, in most applications, no explicit forms of analytical solutions
exist, and we have to use some approximations. In some cases, even
the evaluation of a solution is not easy, and we have to use numerical
methods to estimate solutions.

There are many different numerical methods for solving a wide range
of problems with different orders of accuracy and various levels of com-
plexity. For example, for numerical solutions of ODEs, we can have a
simple Euler integration scheme or higher-order Runge-Kutta scheme.
For PDEs, we can use finite difference methods, finite element methods,
finite volume methods and others. As this book is an introductory text-
book, we will only introduce the most basic methods that are extremely
useful to a wide range of problems in earth sciences.

To demonstrate how these numerical methods work, we will use
step-by-step examples to find the roots of nonlinear equations, to esti-
mate integrals by numerical integration, and to solve ODEs by direct
integration and higher-order Runge-Kutta methods.

14.1 Finding the roots

Let us start by trying to find the root of a number a. It is essentially
equivalent to finding the solution of

2?2 —a=0. (14.1)
We can rearrange it as
1 a
== — 14.2
r=5(@+2), (14.2)

which makes it possible to estimate the root x iteratively. If we start
from a guess, say xg = 1, we can calculate the new estimate z,4+1 from

195
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any previous value z,, using

1
Tnt1 = =(zp + i). (14.3)

2 Tn

Let us look at an example.

Example 14.1: In order to find /23, we have a = 23 with an initial
guess xg = 1. The first five iterations are as follows:
1 23 1 23

Ir1 = 5(5604——): —(1—|—

) =12,
Zo 2 1

1 23, 1 23
w2 = Gl + ) = 5 (124 15) ~ 6.9583333,

1 23
T3 = 5(1‘2 + x_) ~ 5.1318613, x4 =~ 4.8068329, x5 ~ 4.79584411.
2
We know that the exact solution is v/23 = 4.7958315233. We can see

that after only five iterations, x5 is accurate to the 4th decimal place.

Iteration is in general very efficient; however, we have to be careful
about the proper design of the iteration formula and the selection of
an appropriate initial guess. For example, we cannot use o = 0 as
the initial value. Similarly, if we start zop = 1000, we have to do more
iterations to get the same accuracy.

There are many methods for finding the roots; the Newton-Raphson
method is by far the most successful and widely used.

14.2 Newton-Raphson Method

Newton’s method is a widely-used classical method for finding the solu-
tion to a nonlinear univariate function of f(x) on the interval [a,b]. It
is also referred to as the Newton-Raphson method. At any given point
, shown in Fig. 14.1, we can approximate the function by a Taylor
series

f@n41) = f(an + Az) & f(20) + f'(20) Az, (14.4)
where
AL = Xpi1 — T, (14.5)
which leads to
Tt — Tp = Az~ f(x”}ﬁ)(g;;(x"), (14.6)
or
Tyl R Tn + f@ni1) = f@n) (14.7)

f(zn)
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In L

T ™

Figure 14.1: Newton’s method of approximating the root . by
ZTn41 from the previous value x,,.

Since we try to find an approximation to f(x) = 0 with f(x,41), we
can use the approximation f(z,4+1) =~ 0 in the above expression. Thus
we have the standard Newton iterative formula

I )
n

(14.8)

The iteration procedure starts from an initial guess value xg and con-
tinues until certain criteria are met. A good initial guess will use fewer
steps; however, if there is no obvious initial good starting point, you
can start at any point on the interval [a,b]. But if the initial value is
too far from the true zero, the iteration process may fail. So it is a
good idea to limit the number of iterations.

Example 14.2: To find the root of
fx) =2 —e " =0,

we use Newton-Raphson method starting from z¢p = 0. We know that
fl(x) =14 e % cosu,

and thus the iteration formula becomes

—sinz
Ty — € n

Tnt+1 = Tn — e .
1+ e 81M%n cosx,

Since z¢g = 1, we have

0— e—sinO

= O_ - .~ -
e 1+ esin0cos(

= 0.5000000000,

05— _0B—e T 0.5771952598
2 1+ e—8in05c05(0.5
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3 ~ 0.5787130827, x4 =~ 0.5787136435.

We can see that x3 (only three iterations) is very close (to the 6th decimal
place) to the true root which is z, ~ 0.57871364351972, while x4 is
accurate to the 10th decimal place.

We have seen that Newton-Raphson’s method is very efficient and
that is why it is so widely used. Using this method, we can virtually
solve almost all root-finding problems. However, this method is not
applicable to carrying out integration.

14.3 Numerical Integration

For any smooth function, we can always calculate its derivatives by
direct differentiation; however, integration is often difficult even for
seemingly simple integrals such as the error function

erf(xz) = % /03” e du. (14.9)

The integration of this simple integrand exp(—u?) does not lead
to any simple explicit expression, which is why it is often written as
erf(), referred to as the error function. If we pick up a mathematical
handbook, we know that erf(0) = 0, and erf(co) = 1, while

erf(0.5) ~ 0.52049,  erf(1) ~ 0.84270. (14.10)

If we want to calculate such integrals, numerical integration is the best
alternative.
Now if we want to numerically evaluate the following integral

I= /bf(x)dx, (14.11)

where a and b are fixed and finite; we know that the value of the integral
is exactly the total area under the curve y = f(x) between a and b.
As both the integral and the area can be considered as the sum of
the values over many small intervals, the simplest way of evaluating
such numerical integration is to divide up the integral interval into n
equal small sections and split the area into n thin strips of width h
so that h = Az = (b—a)/n, x0 = a and x; = th+a(i = 1,2,...,n).
The values of the functions at the dividing points x; are denoted as
yi = f(z;), and the value at the midpoint between z; and x;41 is
labeled as Yit1/2 = fi+1/2

Ti + Tit1
Yit1/2 = f($i+1/2) = fi+1/27 Lit1/2 = TJF (14.12)
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Z; Ti+1

Figure 14.2: Integral as a sum of multiple thin stripes.

The accuracy of such approximations depends on the number n and
the way to approximate the curve in each interval.

Figure 14.2 shows such an interval [z;, z;11] which is exaggerated
in the figure for clarity. The curve segment between P and @ is ap-
proximated by a straight line with a slope

Ay _ M7 (14.13)
Ax h
which approaches f’(z;41/2) at the midpoint point when h — 0.

The trapezium (formed by P, Q, z;4+1, and ;) is a better approxi-

mation than the rectangle (P, S, z;+1 and z;) because the former has

an area
14i::11311i§f§ﬁi12h, (14.14)
which is closer to the area
Tit1
Zi z/ f(x)dz, (14.15)

under the curve in the small interval z; and z; ;1. If we use the area A;
to approximate Z;, we have the trapezium rule of numerical integration.
Thus, the integral is simply the sum of all these small trapeziums, and
we have

T ~ g[fo +2(f1 + fo+ .. +fn—1) +f"]

:Hﬁ+h+m+n4+g¥?ﬁy (14.16)
From the Taylor series, we know that
i i 1 h ., 1 hy.,
W ~ 5{[f(117i+1/2) —5f (Tit1/2) + g(g)Qf (Tit1/2)]
h / 1 h 2 pl
+Hf (@ig1/2) + §f (Tiq1/2) + 5(5) / ($i+1/2)}}
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2
= f(le/g) + %f”(‘ri+1/2). (1417)

where O(h?f”) means that the value is about the order of h2f”, or
O(h?) = Kh?f" where K is a constant.

The trapezium rule is just one of the simple and popular schemes
for numerical integration with the error of O(h3 f”"). If we want higher
accuracy, we can either reduce h or use a better approximation for f(z).
A small h means a large n, which implies that we have to do the sum
of many small sections, and it may increase the computational time.

On the other hand, we can use higher-order approximations for the
curve. Instead of using straight lines or linear approximations for curve
segments, we can use parabolas or quadratic approximations. For any
consecutive three points z;_1, z; and z;41, we can construct a parabola
in the form

flxi+t)=fi+at+ B3,  te[-hh] (14.18)

As this parabola must go through the three known points (z;-1, fi—1)
at t = —h, (x;,f;) at t = 0 and 241, fi+1 at ¢ = h, we have the
following equations for o and 3

fi—1 = fi — ah + Bh2, (14.19)
and
fir1 = fi + ah + ph2, (14.20)
which lead to
f7.+1 fi- L fic1 =2fi + fira

8=

(14.21)

2h 2h?

In fact, « is the centred approximation for the first derivative f/ and g
is related to the central difference scheme for the second derivative f/’.
Therefore, the integral from x;_1 to x;4+1 can be approximated by

Tit1 h
T, = /Jzi1 f(z)dz ~ /7h[fi + at + pti]dt = %[fi—l +4fi + fir],

where we have substituted the expressions for a and 3. To ensure
the whole interval [a, b] can be divided up to form three-point approx-
imations without any point left out, n must be even. Therefore, the
estimate of the integral becomes

~ g[fo+4(f1+f3+---+fn71)+2(f2+f4+...+fn72)+fn], (14.22)

which is the standard Simpson’s rule.
As the approximation for the function f(x) is quadratic, an order
higher than the linear form, the error estimate of Simpson’s rule is thus
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O(h*) or O(h*f"") to be more specific. There are many variations of
Simpson’s rule with higher-order accuracies such as O(h® f(4).

Example 14.3: We know the value of the integral
2 [t
I=erf(l)=— e ¥ dr = 0.8427007929.
VT Jo

Let us now estimate
=27 J:/leIde
VT 0 ’
using the Simpson rule with n =8 and h = (1 — 0)/8 = 0.125. We have

J = %[f0+4(f1 + fa+ fs+ fr) +2(f2 + fa+ fo) + fs]-

x

Since f; = e % = e~ M’ we have fo = 1, fi = 0.984496, f» =
0.939413, f3 = 0.868815, f4 = 0.778801, f5 = 0.676634, fs = 0.569783,
f7 =0.465043, and fs = 0.367879. Now the integral estimate of .J is

12
J = %[1 + 4 x 2.9949885 + 2 x 2.2879967 + 0.367879]

R~ % x 17.923827 ~ 0.746826.

Finally, the integral estimate of I is
2 J_ 2
VT V/3.1415926

We can see that this estimate is accurate to the 5th decimal place.

1 x 0.746826 ~ 0.842703.

There are other even better ways for evaluating the integral more
accurately using fewer points of evaluation. Such numerical integration
is called the Gaussian integration or Gaussian quadrature. Interested
readers can refer to more advanced books on numerical methods.

14.4 Numerical Solutions of ODEs

The simplest first-order differential equation can be written as
dy
a7
x
where f(z,y) is a known function of z and y. In principle, the solution
can be obtained by direct integration

(z,9), (14.23)

i) = ylao) + | " (), (14.24)
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but in practice it is usually impossible to do the integration analytically,
as it requires the solution y(x) to evaluate the right-hand side. Numer-
ical integration in this case is the most common technique for obtaining
approximate solutions. A naive approach is to use the standard tech-
niques such as Simpson’s rule for numerical integration to evaluate the
integral numerically. However, since we have to use some approxima-
tion for y(z), such techniques hardly work here without modification.
A better approach is to start from the known initial value y(xo) at xq,
and try to march to the next point at * = x¢ + h where h is a small
increment. In this manner, the solution at all other values of x can be
estimated numerically. This is essentially the Euler scheme.

14.4.1 Euler Scheme

The basic idea of the FEuler method is to approximate the integral
(14.24) using an iterative procedure

Tn41
Ynt+1 = Yn + / [z, y)dr = yn + hf(Tn, yn), (14.25)

n

where h = Az = ;41 — x, is a small increment. Here we use the
notations x, = xo + nh(n = 0,1,2,...,N) and y, = y(x,). This is
essentially to divide the interval from zy to x = Nh into N small
interval of width h, so the value of f(z,y) is approximated by its value
in the interval as f(zn, yn).
The above equation can also be viewed as the approximation of the

first derivative

d _

Ty, = (14.26)
This is a forward difference scheme for approximating the first deriva-
tive. From the differentiation and integration discussed earlier in this
book, we know that such an approximation is very crude, and the accu-
racy is at most O(h?). A potentially better way is to use the so-called
central difference to approximate the first derivative

’ Yn+1 — Yn—1
= 14.2

which uses two steps. This does not always solve the problem. In order
to get a reasonable accuracy, we have to use a very small value of h.
There is also an issue called numerical stability. If the step size h is too
large, there is a possibility that any error will be amplified during each
iteration, and after some iterations, the value y,, might be unstable and
become meaningless. A far better and more stable numerical scheme
is the well-known Runge-Kutta method.
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14.4.2 Runge-Kutta Method

The Runge-Kutta method uses a trial step to march the solution to the
midpoint of the interval by the central difference

h
Yn+1/2 = Yo+ 5 f(@n,Yn), (14.28)

then it combines with the standard forward difference as used in Euler
scheme

Ynt1 = Yn + hf(Tng1/2, Ynt1/2)- (14.29)

This scheme can be viewed as a predictor-corrector method as it first
predicts a value in the midpoint, and then corrects it to an even better
estimate at the next step.

If we follow the same idea, we can devise higher-order methods with
multiple steps, which will give higher accuracy. The popular classical
Runge-Kutta method is a fourth-order method, which involves four
steps to advance from n to n + 1. We have

a:hf(xnayn)a b:hf(xn+h/27yn+a/2)7

c=hf(xn+h/2,y, +b/2), d=hf(xn+ h,yn, +c),

a+2b+c)+d

14.30
6 ) ( )

Yn+1 = Yn +

which is fourth-order accurate.

Example 14.4: Let us solve the nonlinear equation numerically

dy 2
=2 =1 0,2
d$+y , x €10,2]

with the initial condition y(0) = 1. We know that Z—g =—(1+y?),or

1
—/mdy:—tan_ly:/dx:x—l—[(,

where K is the constant of the integration. This gives
y = —tan(z + K).
Using the initial condition y =1 and = = 0, we have 1 = — tan(K), or
K=—tan (1) = — .
4
The analytical solution becomes

y(z) = —tan(x — %)
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On the interval [0, 2], let us first solve the equation using the Euler
scheme for h = 0.5. There are five points x; = ih (where i =0, 1,2,3,4).
As dy/dz = f(y) = —1 — y?, we have the Euler scheme

Yn+1 = Yn + hf(yn) =yn —h — hyvzz
From the initial condition yy = 1, we now have

yi=yo—h—hyi=1-05-05x12=0,

Yo ~ —0.5,  yz~ —1.125,  y, = —2.2578.

These are significantly different (about 30%) from the exact solution
yox =1, yi =0.2934079, y5; = —0.21795809,

y3 = —0.86756212, y; = —2.68770693.

Now let us use the Runge-Kutta method to solve the same equation
to see if it is better. Since f(zyn,yn) = —1 — 32, we have

a=hf(@nya) = —h(QU+y2),  b=—hlL+(y+3)]

= —h[l+ (o + gﬁ, d=—h[1+ (yo + )7,

and

a+20b+c)+d
ML CT1Y)

From yo =1 and h = 0.5, we have
y1 ~ 0.29043, y2 =~ —0.22062, y3 = —0.87185, ys ~ —2.67667.

These values are within about 1% of the analytical solution . We can
see that even with the same step size h, the Runge-Kutta method is more
efficient and accurate than the Euler scheme.

Generally speaking, higher-order schemes are better than lower-
order schemes, but not always. Let us look at an example.

Example 14.5: We know from the example in an earlier chapter on
ODEs that the solution to the differential equation

dy

- = @ e,

with the initial condition y(0) =0 at zp =0 is

1
y =1In(e” + gx5)
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Now let us try to solve it numerically to estimate y(1).

First, we divide the interval [0, 1] into two steps so that h = (1—-0)/2 =
0.5. We have zg = 0 and yg = 0. Then, we use the Euler scheme, and we
have y; at z; = 0.5

y1 = yo+hf(zo,y0) = yo+h(zi+e™)e v = 04+0.5x (0*+e)e ™ = 0.5.
The next step is to evaluate yo at o = 2h = 1, and we have
yo = y1 + h(z] +e)e ¥ =0.5+0.5 x (0.5 +e%9)e 05 ~ 1.0189.

We know the exact value at x =1 is

15
Yo =y(1) =1In(e' + =) = 107099503,

We can see that the value y» obtained by the Euler scheme is about 5%
from the true solution. Now let us see whether the Runge-Kutta method
can do better.

For the first step to get y1, we have

a = hf(zo,y0) = h(zg +e™)e ¥ = 0.5 x (0* + ) x e7 = 0.5,
b=hf(zo+h/2, yo+a/2)=0.5x[(0+h/2)*+e’T"/2] x e~ (0+2/2)=( 50152,
and
c=hf(zo+h/2,y0+b/2) ~ 0.50114, d = hf(xo+h,yo+c) ~ 0.518363.
Now we get

a+2(b+c)+d
6

The next step to get y» from z; = 0.5 and y; = 0.503947, we have

Y1 = Yo + = 0.503947.

a=hf(z1,y1) = 0.5 x (0.5% + %) x 7050317 ~ .51691,

h h b
b=hf(w1+5.u1+ g)z0.56765, e=hf(w1+ 5,51+ 5)~0.55343,

and d = hf(x1 + h,y1 + ¢) = 0.64580. Finally, we have

a+2(b+c)+d
6

We can see that Runge-Kutta is more accurate than the Euler method,
and the solution is about 0.04% from the true value. However, this Runge-
Kutta method is of O(h*) accurate.

Yo = Y1 + ~ 1.07142.

This example demonstrates that higher-order methods are usually
the best choice, and they generally work better for most problems.
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That is why they are more widely used and have been implemented in
many software packages. The general guidance is that you should try to
use these methods first until you find a better method for a particular
problem.

So far, we have only introduced the numerical method to the first-
order equations. Higher-order ordinary differential equations can al-
ways be converted to a first-order system. For example, the following
second-order equation

y' (@) + p(@)y' (x) + g(x)y(x) = r(2), (14.31)
can be rewritten as a system if we let u = y/(x)
Yy =u, ' =r(z) — q(z)y(x) — p(x)u. (14.32)

The above system of two equations can be written as

% (Z> - (T(w) — Q(wlgy - p(f)ﬂ)' (14.33)

This is essentially the same as (14.23) in the context of vectors and
matrices, and it can essentially be solved using the similar method
with little modifications.

Numerical solutions of partial differential equations are even more
difficult, especially when the domain is multidimensional and irregular.
There are various methods for solving PDEs, including finite differ-
ent methods, finite volume methods, finite element methods, boundary
element methods, spectral methods, and meshless methods.

The literature about numerical methods is vast, especially about
the solution of partial differential equations with complex boundary
conditions and irregular geometry. Interested readers can refer to more
advanced textbooks. For a good start, the book Mathematical Mod-
elling for Earth Sciences by the same author is recommended as it cov-
ers all the main numerical methods and more advanced mathematical
tools in earth sciences.
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Appendix A

Glossary

Absolute value: The value of a real number disregarding its sign,
thus it is always non-negative. For example, |+ 2| = 2, | — 5| = 5,
and |0] = 0.

Algorithm: A step-by-step description of a solution procedure to a
problem, though it means numerical algorithms in computing.

Auxiliary equation: An algebraic equation, also called charac-
teristic equation, derived from a homogeneous ordinary dif-
ferential equation. For example, from the differential equation
ay” + by’ +cy = 0 where a, b, ¢ are constants, we use y = exp(Az),
and we have its corresponding auxiliary equation aA?4-bA-+c = 0.

Binomial theorem: The expansion of (a+b)™ for positive integer n.

Its coeflicients are commonly expressed in terms of (Z) = ﬁlk),

Chain rule: A rule for differentiation. If a complex function f(x)
can be expressed as f[u(x)], the chain rule states % = % C
For example, [exp(—2?)]" = exp(—2?) x (—2z) = —2x exp(—2?).

Characteristic equation: A equation associated with eigenvalues
of a matrix A. The characteristic equation is written as det(A —
M) =|A — M| = 0. Tt also means the auxiliary equation for
ordinary differential equations.

Complementary function: A function or solution to a homoge-
neous ordinary differential equation. For example, the homoge-
neous equation of y”(z)+5y' () —6y(z) = sinx is y” (z) + 5y’ (x) —
6y(x) = 0 whose complementary function is y. = Ae?* + Be 3%
where A and B are undetermined coefficients.

Complex conjugate: For any complex number z = a + bi, its com-
plex conjugate is z* = a — bi. For example, for z = 2 — 5i, we
have z* = 2 + 51.

Complex numbers: A pair of numbers which can be written as a+ib
where a and b are real numbers, and i = v/—1 or i = —1. Here
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a is called the real part, while b is called the imaginary part. So
both —2 — 3¢ and 5¢ are complex numbers.

Cosine rule: For a triangle with two sides b and ¢ as well as an angle
A between them, the third side can be calculated by the cosine
rule a? = b? + ¢® — 2bccos A.

de Moivre’s formula: For any real number 6 and integer n, De
Moivre’s formula is (cosf + isin0)"™ = cos(nd) + isin(nf).

Descartes’ theorem: A theorem relates the number of roots of a
polynomial with the number of sign changes in its coefficients.

Derivative: The gradient of a function or another derivative. For
example, df /dz is the gradient of f(z), while the second derivative
d*f/dx? is the gradient of the first derivative df /dx.

Determinant: A quantity associated with a square matrix. For ex-

Z = ad — be, Z _12 =3x(-2)—1x4=-10.

Differential equation: A mathematical equation that contains deriva-
tives. It includes both ordinary differential equation and partial
differential equations.

ample,

Displacement: A vector pointing from the initial location to the
final location.

Dot product: The dot product is also called the inner product. For
any two vectors u = (¢ b)T and v = (¢ d)7T, their dot product
isu-v=ac+ bd.

Equation: A mathematical statement using an equal ‘=’ sign. For
example, 22 — 1 = 5 and a® + b? = ¢? are equations.

Error function: A function defined by erf(z) = % fOT e~ du. This
means that erf(0) = 0, erf(co) = 1 and erf(—o0) = —1.

Exponential function: A function in the form a* where z is the
exponent and a is the base. A very widely used base is e & 2.71828
and e” is often written as exp(x).

Euler’s formula: The formula for complex numbers: €' = cosx +
isinz. Here x is in radians.

Factorial: A factorial is a product defined by n! =1 x 2 x ... x n. For
example, 4! =1 x 2 x 3 x 4 = 24.

Fraction: A ratio of two integers a,b in the form a/b or £ where the

denominator b cannot be zero. For example, —2/3, and 22/7.

Fourier series: Any piecewise function f(¢) in [—7,7T] can be ex-
pressed as a Fourier series f(t) = % + > [a, cos(nwt/T) +
by, sin(nwt/T)] where ay, b, are the Fourier coefficients.

Function: A mathematical relationship between an independent vari-
able such as x and a dependent or response variable such as y,
often written as y = f(x). For example, y = 22 — 2z is a function.
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Gaussian distribution: A very widely used probability distribution,

also called the normal distribution p(xz) = m}g eXp[—(xQ_ﬂlé)z]

with a mean of 4 and a standard deviation of o.

Gradient: The rate of change of a curve or a function f(z), often
written as the first derivative df /dz.

Hyperbolic functions: Functions such as sinh(x), cosh(z) and tanh(z).

Ideal gas law: A law for ideal gas, often expressed as pV = nRT
where p, V,T are the pressure, volume and temperature of the
gas, respectively. n is the number of moles and R = 8.31 J/K
mol is the universal gas constant.

Identity: An equality that is true for all values of the variables con-
cerned, often use the notation = in stead of =. For example,
sin® 0 + cos? 0 = 1 is true for all 6.

Identity matrix: A square matrix with all diagonal elements being
1s and off diagonal elements being 0s. For example, a 2x 2 identity

.. 1 0
matnleI—(O 1).

Index form: A concise form to write repeated multiplications such
asa® =axaxaxaxa.

Integer: whole numbers such as —2,—1,0,+1,+5, and +56789.

Integral: The reverse of differentiation, often written as [ f(z)dx
where f(z) is called the integrand. For example, [2"dx is an

indefinite integral, while f; sin(z)dz is a definite integral with a
and b being its integration limits.

Integration by parts: A technique for integration using [ udv =
w — [vdu.

Inverse: An inverse of a function y = f(x) is to find = = g(y). For
example, y = sin z, we have z = sin™' y. For a square matrix A,
its inverse is A™' if A is not singular or det(A) # 0.

Iteration: A procedure to obtain a solution numerically.

Irrational numbers: Numbers such as v/2 and 7 that cannot be
expressed as a fraction.

Limit: A concept to describe the behaviour of a function when its
argument or independent variable gets close to a point of interest.
For example, lim,_,gsin(z)/z = 1. Limits can also mean the
bounds of an interval.

Linear regression: A method to best-fit a set of data (z,,y,) to a
linear equation y = a + bzx.

Linear system: A set of multiple linear equations. For example,
x—2y =1 and z+ 2y = 5 form a simple linear system which can

be written as the matrix form Lo=2) (=) _ (1 :
1 2 Y 5
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Logarithm: A mathematical function: y = log,(z) where b is the
base. Commonly used bases are b = 10, and b = e =~ 2.71828. In
the latter case, the logarithm is called the natural logarithm, and
written as y = In(x).

. 2 -3

Matrix: An rectangular array of numbers. For example, | ~ 5 0
is a 2 x 2 matrix. A vector is a special case of a matrix.

Mean: A statistical term which is the average of all values. For
example, the mean of 1,2,5,—6is (1 4+ 2+ 5+ (—6))/4 = 0.5.

Modulus: For a real number, its modulus is its absolute value. For
a complex number a + bi, its modulus is the length or |a + bi| =
va? + b2,

Natural numbers: Positive integers 1,2, 3, ..., or non-negative inte-
gers (0,1,2,...).

Newton-Raphson method: A numerical method for solving or find-
ing the root(s) of a nonlinear function.

Normal distribution: A probability distribution. See Gaussian
distribution.

Numerical integration: A numerical method to approximate or
evaluate the value of a complex integral.

ODE: An ordinary differential equation.

Ordinary differential equations: A relationship or equation in-
cluding derivatives. For example, dy/dx = —exp(—=x) is an ordi-
nary differential equation.

Partial derivative: For a function of two or more independent vari-
ables, its partial derivative is the derivative with respect to one of
those variables. For example, f(z,y) = xy + y?, we have % =y
and % =z + 2y.

Particular integral: Any function that satisfies an ordinary differ-
ential equation. For example, the particular integral of y”(z) +
5y'(z) —6y(z) =2 —2is yp, = —x/6 + 7/36.

PDE: A partial differential equation.

Partial differential equation: A relationship or equation which

contains partial derivatives such as % and/or derivatives. For
2 . . . . .
example, % = D% is a partial differential equation.

Poisson’s distribution: A probability distribution for discrete events.
p(k) = \fe=*/k! where k = 0,1,2, ... and A > 0.

Poisson’s ratio: A material property v which is the ratio of the
transverse strain to the axial strain. Most rocks have a Poisson’s
ratio in the range of 0.2 to 0.4. For example, v = 0.3 for shales,
0.2 for sandstones and 0.4 for coal.
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Polar form: A way of expressing a complex number z = a + bi using
z = re'? where r is the modulus of z and @ is the angle made with
the real axis.

Polynomial: An expression with a finite number of terms involving
the powers of . For example, 22 — 2z + 3 a quadratic polynomial
while 25 — 23 — 2 is a polynomial of degree 5.

Power function: A mathematical function in the form z% where the
exponent a is a real number and z is the independent variable.

Probability: A number or expected frequency of an even occurring.
It is always in the range of [0, 1].

Pythagoras’ theorem: For a right-angled triangle, the length of the
hypotenuse c is related to the lengths of the other two sides by
Pythagoras’ theorem: a® + b% = c2.

Radian: A unit of angle which is equal to 180°/7 = 57.2958°. So
a right angle 90° is m/2 in radians. Conversely, 1° = /180 =~
0.01745 radians.

Random variable: A variable to represent the outcome of an event
such as the noise level or the number of earthquakes in a period.

Rational numbers: Numbers can be expressed as a fraction in a/b
where a, b are integers and b # 0.

Real numbers: The complete set of all rational and irrational num-
bers. For example, v/3, —2, —2/7 and 7 are all real numbers.

Roots: A root is a solution to an equation f(x) = 0.

Scalar product: A scalar product of two vectors is also called dot
product. See dot product.

Sequence: A sequence is a series or set of numbers that obeys certain
rules. For example, 2,5,10,17, 26, ... is a sequence as its nth term
is a, =n%+1 where (n=1,2,...).

Series: The sum of all the terms of a sequence is called a series. For
example, 1 +2 + 3 + ... + 99 + 100 is a series with a formula

142+ .. +n=20

Sine rule: For a triangle with three sides a, b, ¢ and their correspond-
ing angles A, B, C, respectively, the sine rule can be written as
a/sinA=b/sinB =c¢/sinC.

Singular: A square matrix A is singular if its determinant is zero.
That is det(A) = 0.

Standard deviation: A number which is the square root of the vari-
ance of a random variable. See variance and random variable.

Statistics: The studies of data collection, interpretation, analysis and
characterisation of numerical data and sampling.
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Stefan-Boltzmann’s law: The total energy E per unit surface area
per unit time radiated by a black body is given by the Stefan-
Boltzmann law E = oT* where T is the absolute temperature,
and o = 5.67 x 1078 J/s m? K% is called the Stefan-Boltzmann
constant.

Stokes’ law: The drag force acted on a spherical object moving in
a viscous fluid is F' = 6wurv where r is the radius of the object
and v is its velocity. p is the viscosity of the fluid.

Surds: A mathematical form. For the nth root, we use {/z = z'/™.
For example, /= denotes the square root of x, v/22 represents
the cubic root of x2.

Taylor’s series: A power series to approximate a function in a neigh-
bourhood of a given point x = a. Taylor’s series can be written
as f(a) = f(a) + ['(@)( - a) + Tz —a)? + -

Transpose: The transpose of a matrix A = [a,;] is obtained by
interchanging its rows and columns, i.e., AT = [a;i]. For example,

(2 =3 T (2 5
A—(5 6)7wehaveA —(_3 6)'

Trigonometrical functions: Functions such as sin 6, cosf and tan 6.
Unit vector: A vector with a unit length such as ¢ = (é)

Variance: A number or a measure of statistical dispersion of a ran-
dom variable, often denoted by 2. The square root of the vari-
ance is called the standard deviation o.

Vector: A vector is a quantity such as force with both a magnitude
or length and a direction.

Viscosity: A measure of a fluid’s resistance to shear deformation,
often denoted by p with a unit of Pa-s. It is also called dynamic
viscosity, Newtonian viscosity or simply viscosity; while kinematic
viscosity is defined as v = u/p where p is the density of the fluid.

Wave equation: The equation governing the propagation of waves.
In the simplest case, the 1-D wave equation is % = 02% where
v is the wave speed.

Young’s modulus: A material property that shows how stiff a ma-
terial is, often denoted by E.
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Mathematical Formulae

Quadratic equation

. —b+Vb%2 — dac

ax2+bx—|—c:O,

2a
Index form
n
—
a"=axax..xa, a*xa™"=a"" (a")" =a""" =a"".

Cll/n = a, ap/q = Vq a/pa (n#o’ q#o)

Binomial theorem

n_ (T n n n—1 n n—kpk nY\in
(a+0) —(O)a +(1>a b+...+(k)a b —i—...—l—(n)b.

n n!
— | — | =
<k) = Mn— B nl=1x2x..xn, 0=1.
Series
1 1—7r"
1+2+...+n:%, a+a7‘+ar2+...+ar"71:w, (Ir]<1).

Exponentials and logarithms
log; (uv) = log, u + log, v, log, L log, u — logy, v.
v

log, u™ = nlog, u, Inu=log, u, Ine* ==.
Trigonometrical functions
sin?0 + cos?0 = 1, cos2a = cos?a —sin®a =1 — 2sin? a.

sin(a 4+ B)=sin a cos f+cos asin B, cos(a + B)=cos acos f—sin asin (.

217



218 APPENDIX B. MATHEMATICAL FORMULAE

at+f a-f
cos .

2 2

. . a+fB . a—-p8 . . .
sin a—sin =2 cos sin —5 sin a+sin f =2 sin

Sine rule
a b c

sinA sinB sinC'”

Cosine rule
a? =b%+c? —2bccos A, ¢ =a®+b*> — 2abcosC.
Spherical trigonometry

2 . . 3
TR (A+ B+C—180°), sina _ sinb sine

5= snA _ sinB _sinC’

~180°

cos o = cos 3 cos~y + sin 3 sin y cos A.

Complex numbers
z=a+bi,i=v-1, |z|=r=+a%+ b

. b
z=re?, §=arg(z) =tan" ! —.
a

2 =a—bi, z*=re ",
Euler’s formula
e = cos@ + isinb.

. —e
sinf = ——, cosf =
21

6‘i0 —1i0 eiG + 671‘0

de Moivre’s formula
(cos @+ isin0)™ = cos(nh) + isin(nh).
Hyperbolic functions

. et —e " e’ +e " sinh x
sinhx = — coshx = — tanhz =

coshz’
‘ o - 2 12
cosh(iz) = cosz, sinh(iz) =isinz, cosh®x —sinh”z = 1.
Differentiation

/

1
(") =na""', (sinz) =cosz, (%) =€, (Inz) =~ if 2> 0.
x

laf(z) + By(x)] = af'(x) + By (x).

Chain rule
dy dy du

dr ~ du dz’
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Product rule

Quotient rule

u,  u'v—uv
(’U) - UQ
Taylor series
_ 1 1 1
= +x+§az +§m + .. +—x
3 b a7 2 gt
SIHI:I—§+57W+..., COSZ:17§+E7
"a ue () (q
s@=r@+ L0 0y DO ey L0 gy
Integration

zntl 1
/x”dm: 1+C if n# -1, /—dmzlnaz—i—C.
T

n -+

/ab[af(x) + Bg(x)]dx = oz/ab f(x)dx + ﬂ/abg(x)dx

Integration by parts
/udv = uv—/vdu.

Fourier series

- t
= 70 Z ap, cos(—) + bn sm(n; ), te[-T,T].

:—/f t)dt, an:—/f cos( dt b, ——/f sin(

Vectors
w = (u1,uz,u3)”, and v = (vy,v2,v3)7,

U -V = UV + UgV2 + uzvs.

u X v = (ugvs — ugv2)t + (ugv1 — u1v3)Jg + (ur1v2 — ugvn)k.

_¢ 8_1/) 81/) k div - Bul au2 8U3
Ox oy’

82 82 9?
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Matrix
det(AB) = det(A) det(B), (AB)T = BT AT,
det(A — M) = |A — \I| = 0.

= Zaii = Z/\“ det(A) = H)\l
i=1 i=1 i=1
Error functions
derf 2
erf(z \/_/ —u? du, erfc(z) =1 — erf(z), eiléx) = ﬁe_IQ
Gaussian or normal distribution

1 _e-w?
p(z) = e e, (—o0 < z < 00).

Poisson’s distribution

/\k —A
p(k) = ]:' . (k=0,1,2,3,...), A>0.

Sample mean and variance

" 1

:|>—‘

Propagation of errors

_ of ofof  _
Uz (6.13) +05(a_y)2+20$y%a_y7 Z_f(xvy)

Correlation coefficient

ny i wiy — Qo ) o vi)
VIn>Z wf — (i wa)? i v — (21 wi)?]
Newton’s method or Newton-Raphson method

Tnt+l = Tp — f/(.’t )
n

T =

Trapezium rule

~h[fi+ fot oot fuo1 + 5

Simpson’s rule

T2 2o+ A+ fo b ot fuca) + 202+ fat o faa) + Ful



Epilogue

The mathematical techniques we have covered in this book are diverse
and some are indeed not easy to follow. This is partly due to the
fact that choosing from a wide range of topics itself is a challenging
task, and partly due to the multidisciplinary nature of earth sciences,
coupled with various levels of complexity which in turn require a wide
range of mathematical techniques in the right combinations.

It is true that earth sciences are evolving with ever-increasing em-
phasis on quantitative modelling. In fact, mathematical modelling and
computer simulations have become an integrated part of modern earth
sciences. This observation is strengthened by the fact that mathemati-
cal and computer modelling will be crucially important to address the
Ten Questions Shaping 21st-Century Earth Sciences identified by the
National Research Council,! concerning 1) the formation of Earth and
other planets, 2) the missing link during Earth’s ‘dark age’, 3) the
origin of life, 4) the Earth’s interior, 5) the origin of the plate tecton-
ics and continents, 6) the effect of material properties on large-scale
planetary processes, 7) the cause of climate change and the extent of
such changes, 8) the interaction of life and Earth, 9) the prediction
of earthquakes and volcanic eruptions and their consequences, and 10)
the effect of fluid flow and transport on the human environment and
ecosystems.

In addition, there are other important issues which I think worth
mentioning, and their solutions are equally challenging. Here I list
them: 1) efficient use of renewable resources and energy as well as
carbon entrapment, 2) long-term change attainability and stability of
the earth system, 3) the integrated high-precision Earth observation
system, 4) the influence on the earth system induced by the activities
of the solar system, especially the Sun, and 5) the long-term impact of
all human activities on the planet.

These challenging questions require even more challenging tech-
niques and skills to solve, definitely multidisciplinary and multi-physics
as well as multi-scales. After all, we have to be able to model complex
systems, to handle massive data, and to deal with uncertainty. Mathe-
matically and computationally speaking, these techniques include non-
linear partial differential equations (PDEs), theory of dynamical sys-
tems and complexity, statistical methods such as Monte Carlo simula-
tions, optimisation techniques, modern metaheuristics, and obviously
high-performance computing.

Modern approaches to all scientific problems tend to be more com-
putational. Modelling in earth sciences typically uses continuous mod-

LCommittee on Grand Research Questions in the Solid-Earth Sciences, National
Research Council, Origin and Evolution of Earth: Research Questions for a Chang-
ing Planet, (2008).
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elling techniques in terms of PDEs. For example, in atmosphere mod-
elling, the mathematical models include many variables with complex
3D geometry and boundary conditions. In addition, we also have to
consider chemistry, physics, heat transfer, and fluid dynamics all cou-
pled in an integrated system. So a major trend for such modelling
systems will be an integrated approach, because the Earth is after all
an integrated system. This will inevitably be coupled with the routine
use of high-performance computing.

Recent studies have indicated that many processes such as earth-
quakes and weather are chaotic under some conditions. Modelling using
dynamic systems and complexity analysis will provide some important
insight into how such systems behave and to what extent we can influ-
ence them by regulating certain parameters.

In addition to the above deterministic approaches to modelling,
there are important techniques such as Monte Carlo methods which
use a stochastic approach to the solutions of complex problems. Monte
Carlo techniques have now been used in almost all areas of modern
sciences, from biology to earth sciences. Their advantages are that they
can deal naturally and efficiently with higher dimensions with extreme
complexity and a large number of degrees of freedom. In addition, data
acquisition, analysis and modelling will also be routinely used.

In all these modelling and simulations, we always intend to op-
timise something, either to minimise the errors, or to maximise the
modelling efficiency. In fact, many problems can be recast as optimisa-
tion problems. Least-squares method is a good example. In addition,
the formulation of finite element method is essentially a minimisation
problem. Therefore, many optimisation techniques such as nonlinear
programming can be useful when the problems are properly formulated.

Other important emerging techniques such as metaheuristics are
becoming powerful. In the last two decades, many new metaheuris-
tic algorithms have emerged, including simulated annealing, particle
swarm and other nature-inspired algorithms. These methods will be
applied in a wide range of areas, including earth sciences.

Ultimately, we should be able to design an integrated Earth mod-
elling system with an essential set of mathematical models and com-
puter techniques, coupled with real-time high-precision earth observa-
tion systems, so that they can capture most of known physics, chem-
istry, and earth sciences, and more importantly can simulate and pre-
dict the performance of systems on earth far into the future. There is
no doubt that whatever problems you have to solve, the techniques you
will use will be highly mathematical and computational. Perhaps you
will become expert at solving some of the challenging problems shaping
21st-century earth sciences.
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b-value, 191

e, 44

i, 68

nth derivative, 91
nth term, 35, 36

absolute error, 185
adiabatic, 92
adiabatic gradient, 93
age of the Earth, 177
air pressure, 149, 151
Airy isostasy, 19
angle, 54

small, 81
angle of friction, 130
approximation, 31
area, 96
Argand diagram, 68
argument, 68
array, 135
asymptotic, 167
auxiliary equation, 157
average density, 4
Avogadro’s constant, 192

base, 43

bathymetry, 178

best-fit line, 189

binomial coefficient, 32
binomial theorem, 31
black body, 17
Boltzmann’s constant, 192
Bouguer gravity, 105
boundary layer, 94
Brownian motion, 192, 194
bubble, 28, 64

buoyancy, 27, 94

capillary pressure, 65
Cartesian, 118

Cartesian coordinate, 2, 58, 68

Cartesian distance, 2, 58
central difference, 203
chain rule, 83, 86, 174
champagne, 28
characteristic equation, 157
climate changes, 163
climate sensitivity, 44
COa, 44, 163

cofactor, 141

cohesion, 130

column, 136
compaction, 104

complementary function, 157, 162

complete square, 9
complex conjugate, 70
complex number, 23, 67, 75
division, 69
function, 72
imaginary part, 68
real part, 68
complex root, 157, 159

computational complexity, 113

concentration, 163
conductivity, 132, 133, 173
confident interval, 185
constant, 21
contact angle, 66
convection, 93, 94
cooling, 173, 176
correlation coefficient, 190
cosine, 51

hyperbolic, 72
cosine rule, 58
covariance, 187
cross product, 124
crust, 19
cubic equation, 22
curve, 77
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a family, 79
cycle, 163
dam, 6
Darcy velocity, 127
data, 186
degree, 21

degree of freedom, 190
density, 1, 93, 106, 165
dependent variable, 4
derivative, 78, 80, 202
first, 85
partial, 85
Descartes’ theorem, 25
determinant, 141
DFT, 112
differential equation, 149
homogenous, 156
differential operator, 162
differentiation, 77, 100, 174
implicit function, 84
rule, 82
table, 85
diffusion, 171, 173, 179
diffusivity, 93, 173
Dirichlet condition, 109
discontinuity, 108
displacement, 118
distance, 49
great-circle, 63
distribution, 31
normal, 182
Poisson, 182
distribution function, 181
distributive law, 124
dot product, 123
drag, 27, 29
drag coefficient, 29
drifting velocity, 184
droplet, 65

Earth, 4, 13, 18, 114, 175

earthquake, 31, 45, 191
moment, 46

eccentricity, 114, 116

Einstein, 192, 194

element, 135

elliptic, 172

empirical relationship, 45

energy, 17
entropy, 92
equilibrium, 165
error, 184
absolute, 185
percentage, 185
relative, 187
error function, 175, 198
escape velocity, 8
Euler scheme, 202
Euler’s formula, 71, 72
even, 14
even function, 16, 52, 97
event, 180
explicit formula, 22
exponent, 13
exponential, 42

exponential function, 42, 89

inverse, 42

factor, 13

factorial, 32
factorisation, 9, 22
failure stress, 131
FFT, 112

Fibonacci sequence, 36

finite difference method, 206

finite element method, 206
finite volume method, 206
first-order ODE, 150, 201
flexural deflection, 165
flexural rigidity, 165
fold, 44, 45
forward difference, 202
Fourier series, 107

coefficient, 109

half period, 107
Fourier transform, 107, 111
free-air gravity, 77, 91
friction coefficient, 130
function, 2, 51, 95

cubic, 22

domain, 4

even, 16

graph, 16

linear, 5

modulus, 7

nonlinear, 153

odd, 16
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quadratic, 3, 8

range, 5

sine, 55
trigonometrical, 49, 52
two angles, 55
univariate, 86

Gauss-Jordan elimination, 144
Gaussian distribution, 181
Gaussian integration, 201
general solution, 155, 157, 164
geodesy, 128
geodetic, 52
geostatistics, 31, 179, 192
glacier flow, 18
grad, 126
gradient, 5, 77, 78, 87, 126
notation, 78
gradient operator, 129
graph, 7, 16, 118
gravity, 13, 52, 105
acceleration, 93
gradient, 92, 127
survey, 92
great circle, 60
greenhouse effect, 17
groundwater flow, 99
Gutenberg-Richter law, 45, 191

harmonic expansion, 128

heat conduction, 171-173, 176

heat flux, 177

higher-order ODE, 161

homogeneous, 158

homogeneous equation, 162

Horton’s equation, 99

hydraulic conductivity, 127

hydraulic gradient, 127

hydrology, 100, 155

hydrostatic pressure, 19

hyperbola, 63

hyperbolic, 172

hyperbolic function, 72, 74
inverse, 74

hysteresis, 66

ice age, 168
ice ages, 114
ideal gas law, 151

identity, 53, 73
hyperbolic, 73
Osborn’s rule, 74

imaginary number, 67

implicit function, 84
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independent variable, 4, 149, 172, 187

index, 13
index notation, 13
infiltration, 99
infinity, 5, 41
inner product, 123
integral, 95
definite, 96
even function, 97
Fourier cosine, 112
Fourier sine, 112
indefinite, 95
odd function, 97
table, 98, 99
integrand, 95, 198
integrating factor, 155
integration, 95, 149
by substitution, 103
constant, 95
integration by parts, 100
intercept, 5
interval, 110
closed, 5
open, 5
inverse, b4, 144
matrix, 138
inverse problem, 133
irradiance, 17
isostasy, 19, 168
isostatic adjustment, 149, 168
iteration, 196

Kelvin, 175
kriging, 192

Langevin’s equation, 193
Laplace equation, 172
Laplace operator, 126, 129
latitude, 49

law of cosines, 61

leading coefficient, 21
length, 1

limit, 80

linear approximation, 200
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linear regression, 188 Newton-Raphson method, 170, 196
linear system, 143, 144 nonlinear equation, 195
lithosphere, 149, 165, 171, 173, 176 normal distribution, 182
load, 165 number line, 2
logarithm, 31, 42, 75, 170 numerical integration, 198
base, 43 Simpson’s rule, 200
common, 44 trapezium rule, 199
Napierian, 44 numerical method, 195
natural, 44 numerical solution
longitudinal wave, 15 ODE, 201
lune, 60
obliquity, 114, 116
magma, 28, 65, 77 observation, 188
magnitude, 45 odd, 14
mantle convection, 77, 92 odd function, 16, 97
mapping, 5 ODE, 150, 163, 195, 204
mathematical modelling, 192, 206 offset, 63
matrix, 117, 135 Ohm’s law, 132
adjoint, 142 ordinary differential equation, 149
cofactor, 142 orthogonal, 123
column, 135 orthogonality, 108
element, 137 Osborn’s rule, 74
inverse, 138 outcome, 180
multiplication, 138 outer product, 124
rotation, 138
row, 135 P wave, 15
transformation, 138 parabola, 200
transpose, 135 parabolic, 172
unit, 138 parallelepiped, 126
matrix decomposition, 144 partial derivative, 85
maximum, 87 partial differential equation, 171
mean, 181 particular integral, 157
measure, 181 Pascal’s triangle, 33
measurement PDE, 150, 171, 195, 206
error, 185 classic equations, 172
standard deviation, 185 pendulum, 159
method of least squares, 189 perihelion, 114
mid-ocean ridge, 176 period, 107
Milankovitch cycles, 114 permeability, 26
minimum, 87 permutation, 58
modulus, 68 perpendicular height, 58
modulus function, 6 phase velocity, 75
Moho, 19 piecewise, 108
Mohr-Coulomb criterion, 129 plane geometry, 59
moveout, 63 plane trigonometry, 49
Poisson’s ratio, 165
natural number, 34 polar form, 70

Newton’s law of gravitation, 105, 127 polygon, 60
Newton-Raphson, 198 polynomial, 10, 21, 22, 107
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cubic, 23

degree, 21
pore pressure, 130
porosity, 104
porous materials, 26
porous media, 66
post-glacial rebound, 168
potential, 132
power function, 15
power-law creep, 18
ppm, 163
precession, 114, 116
precipitation, 30
pressure, 1, 6
primary wave, 15
probability, 179

density function, 181

distribution, 181
probability function, 181
product rule, 83, 86
progression

arithmetic, 35

geometric, 36
projectile, 88
propagation of errors, 87, 184
prospecting, 117, 129, 132
Pythagoras’ theorem, 2, 53

quadrant, 2

quadratic approximation, 200
quadratic equation, 67
quadratic function, 8
quadrature, 201

quantity, 117

quintic polynomial, 25
quotient rule, 84

radian, 49, 54

raindrop, 29

random variable, 179
continuous, 179
discrete, 179

rate of emission, 163

Rayleigh number, 93

Rayleigh-Bénard convection, 93

real function, 72

real number, 2, 5
multiplication, 69

recursive relationship, 34

reflection, 70
relative error, 187
relaxation time, 169
reservoir, 163
residual, 190
resistivity, 132, 133
Reynolds number, 27, 29
rheological, 45

rock rigidity, 46
root, 22, 195
root-finding, 195
row, 136
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Runge-Kutta method, 195, 203, 205

runoff, 155

S wave, 15
sample, 183
sample mean, 183
sample variance, 183
saturation, 66
scalar, 121
scalar product, 122
distributive law, 123
second derivative, 87
second-order ODE, 156
secondary wave, 15
sediment, 104
seismic energy, 46
seismic moment, 46
seismic wave, 15, 62
semi-infinite, 176
sequence, 34
arithmetic, 35
geometric, 36
series, 38
arithmetic, 38
geometric, 39
infinite, 41
sum, 38, 41
series expansion, 89
settling velocity, 27
shear wave, 15
signal processing, 107, 111
Simpson’s rule, 200

simultaneous equations, 143

sine, 51
hyperbolic, 72
inverse, 54

sine rule, 57, 60
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slip, 129

small angle, 81

Snell’s law, 62

soil erosion, 30

sparkling water, 28
specific heat capacity, 173
spectra, 116

spectral method, 206
sphere, 60

spherical coordinates, 128
spherical triangle, 60
spherical trigonometry, 49
standard deviation, 182, 185
standard normal distribution, 181
stationary condition, 87
stationary point, 87, 88
statistics, 179
Stefan-Boltzmann law, 17
Stokes’ flow, 27

Stokes’ law, 27, 193
strain rate, 18
subduction, 92

surds, 14, 25

surface tension, 64
symmetry, 16, 132

tangent, 52, 78
Taylor series, 91
tectonic plate, 184
temperature, 18, 44, 173, 175
tension
interfacial, 66
term, 21, 35
terminal velocity, 27, 29
thermal gradient, 93
thrust fault, 117, 131
time, 1
TNT equivalent, 47
topographical variation, 19, 165
transverse wave, 15
trapezium rule, 199
triangle, 51, 58
right-angled, 59
triangular wave, 110
trigonometrical function, 108
trigonometry, 52, 57, 106, 128
plane, 49
spherical, 49
triple product, 125

tsunami, 76
turning point, 88

uncertainty, 184, 188
unit, 1
unit hydrograph, 100
unit matrix, 138
unit vector, 119
uplift
post-glacier, 168
rate, 170

variable, 188

variance, 181, 183, 186

vector, 117
addition, 120
angle, 118
component, 119
direction, 118
displacement, 117
magnitude, 117
orthogonal, 123
product, 122
scalar product, 122
scalar triple, 126
triple product, 125

vector product, 124

velocity, 29

viscosity, 1, 93, 94, 169
dynamic, 28
kinematic, 28
mantle, 169

viscous flow, 18

void ratio, 26

volcano, 28

volume, 4

Wallis’ formula, 102
water wave, 75
wave
deep water, 76
shallow water, 76
speed, 75
wave equation, 172
wavelength, 45, 165

Young’s modulus, 165
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